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Abstract: 

The paper is devoted to current issues concerning the development of critical infrastructure and the improvement of 

the efficiency of its units, particularly in planning proactive organizational and technical measures for rapid response 

to natural or man-made emergencies. The aim of the study is to create technologies and, based on them, to develop a 
software system for the placement of critical infrastructure logistics centers, as well as the determination of resource 

flows between them, taking into account the limited capacities of the centers and ensuring minimal transportation and 

organizational costs. The technologies developed and presented in the study are based on mathematical tools, includ-
ing models and methods for optimal facility location and multiplex partitioning of continuous sets, as well as models 

and methods for two-stage distribution of material flows in hierarchical logistics systems. The created software system, 

written in Python 3 and integrated with modern geographic information systems, combines the necessary functionality 
for researching center placement algorithms, determining their service areas, analyzing material flows between struc-

tural elements of critical infrastructure, and rationally selecting locations for logistics facilities based on existing 

ones. The presented results of logistics system modeling confirm the correctness of the algorithms and demonstrate 
the applicability of the multifunctional software system for supporting managerial decisions related to the development 

of critical infrastructure, reducing transportation and operational costs through the optimization of material flows 

between structural units. The use of the Google Maps API cloud platform for obtaining spatial data allows for the 
rational distribution of material resources across existing or newly optimally placed centers, considering their capa-

bilities and spatio-temporal criteria. In studying two-stage distribution processes, the developed technology supports 

the formulation of proposals for organizing such processes, aligning the local interests and functional goals of indi-
vidual logistics system elements with the main objective: achieving optimal overall transportation, time, and associ-

ated costs. 
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1. Introduction 

Since the 2000s, there has been a growing interest 

within the scientific community in studying the 

transformation of critical infrastructure in the con-

text of the digital economy, as evidenced by the 

analysis of publication activity conducted by Trush-

kina (2024). A significant number of research papers 

over the past quarter of the current century have been 

devoted to exploring strategies for the effective de-

velopment of critical infrastructure under conditions 

of digital transformation. 

The digital transformation of critical infrastructure 

is a key component of the broader strategy for re-

shaping the global economy. Properly selected digi-

tal technologies, combined with employee compe-

tencies, serve as the foundation for critical infra-

structure entities to rapidly adapt to crisis situations, 

modernize work processes, meet ever-changing cus-

tomer needs, stimulate and implement innovative 

managerial solutions. However, as the author em-

phasizes, existing methodologies for assessing the 

development of critical infrastructure remain imper-

fect and do not fully correspond to modern global 

challenges. 

A comprehensive literature review on the applica-

tion of Industry 4.0 technologies in logistics pro-

cesses and their impact on economic, environmental, 

and social sustainability was conducted by Ferraro 

et al. (2023). The authors recognize the significant 

influence of Industry 4.0 technologies on logistics. 

New business opportunities associated with Industry 

4.0 and company adaptation to the evolving environ-

ment are highlighted by Rubio et al. (2021). They 

propose a multi-objective optimization algorithm 

aimed at improving productivity and reducing costs 

and energy consumption in autonomous industrial 

processes in order to achieve sustainable develop-

ment. 

With the increasing number of natural disasters, 

technological accidents, and military conflicts in re-

cent years, the need to ensure the protection and re-

liable maintenance of critical infrastructure has 

grown significantly. The uninterrupted functioning 

of critical infrastructure is an essential component of 

the sustainable development of a country as a whole. 

This study is devoted to the development of com-

puter technologies for the optimal location of logis-

tics centers of critical infrastructure in order to en-

hance the effectiveness of managerial decision-mak-

ing concerning the rational territorial allocation of 

service centers and the distribution of material 

flows, particularly in the context of man-made emer-

gencies. Rigorous mathematical justifications of 

models and methods for optimal location of centers, 

along with the simultaneous determination of ser-

vice zones, are presented in the works of Dziuba et 

al. (2023) and Koriashkina et al. (2025). The tech-

nological solutions for the location of technical sup-

port facilities for critical infrastructure developed 

and presented in this study are based precisely on 

this mathematical foundation. Unlike well-known 

location–allocation problems, the models consid-

ered here account for the possibility of servicing fa-

cilities by multiple nearby service centers, the multi-

stage nature of distribution processes (Koriashkina 

et al., 2024), and the option of selecting locations for 

centers based on existing facilities (Dziuba et al., 

2023). 

 

2. Literature Review 

Scientific publications of the last 5–7 years related to 

the optimal location of logistics facilities can be 

grouped into three interrelated streams: covering-based 

facility location models, models of hierarchical (multi-

stage) logistics systems with resource distribution, and 

generalized optimization frameworks together with the 

solution techniques that support them. 

The first stream develops the set covering problem in 

continuous or discrete formulations, which remains one 

of the principal methods of spatial analysis in support 

of location decision-making. Within it, researchers 

have addressed the selection of network hubs for rout-

ing flows in networks expanding under strategic and 

operational uncertainty (Escudero & Monge, 2021), the 

minimization of customer service time using geoinfor-

mation services (Delman et al., 2016), the rational se-

lection of service center locations with overlapping ser-

vice zones that preserve coverage when a particular 

center is unable to serve its customers (Dziuba et al., 

2023), multi-period maximal covering with capacitated 

modular facilities that can be relocated as demand 

changes (Alizadeh et al., 2021), the joint optimization 

of facility allocation and maintenance over the network 

life cycle (Wu et al., 2021), and the balancing of facility 

workloads under maximal demand coverage (Xu et al., 

2023). The ranking of candidate sites by multi-criteria 

decision-making techniques such as AHP and TOPSIS 

complements these models on the practical side 

(Stopka et al., 2022). Taken together, these studies re-

veal a clear tendency to enrich covering models with 
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capacity constraints, uncertainty, and reliability (multi-

ple-coverage) considerations; at the same time, ac-

counting for such factors substantially increases com-

putational effort, forcing most authors to resort to heu-

ristic procedures or bounds on the objective function in-

stead of exact methods. 

The second stream concerns hierarchical logistics sys-

tems and the distribution of material resources within 

them. One group of works focuses on the design of 

multi-level networks: hub-and-spoke structures under 

capacity constraints and the risk of deliberate interdic-

tion (Bansal et al., 2024), exact identification of glob-

ally optimal facility locations in continuous space (Gao 

et al., 2021), and multi-level maintenance networks in 

agriculture, formulated either as mixed-integer pro-

grams with hierarchical and adjacency constraints (Li J. 

et al., 2023) or as set covering models solved by an im-

proved genetic algorithm (Wang et al., 2021). Simula-

tion-based analyses further show how warehouse loca-

tion decisions propagate to the efficiency of the entire 

supply chain under stochastic demand (Szczepański et 

al., 2019). 

Another group of works addresses resource distribution 

under emergency and uncertainty conditions: two-stage 

location–allocation models for evacuation and primary 

aid provision (Koriashkina et al., 2024) and their spe-

cial case with fixed centers (Kiseleva et al., 2020), sto-

chastic network flow models that allow relief centers to 

support each other (Chang et al., 2022), reliable loca-

tion–allocation of emergency service stations under 

maintenance uncertainty (Lu et al., 2019), joint loca-

tion–allocation–inventory planning with epistemic un-

certainty in demand (Li P. et al., 2023), and two-stage 

medical logistics problems solved by a modified ge-

netic algorithm (Serhieiev & Us, 2023). A two-stage 

decomposition has also been applied to the design of 

multi-level low-carbon distribution networks, where 

transit points and flows are selected at the first stage and 

delivery routes at the second (Fu et al., 2024). Related 

sector-specific studies optimize the placement of dis-

tributed generation in power distribution networks 

(Pirouzi et al., 2024), develop forecasting toolkits for 

the functioning of critical energy infrastructure under 

volatile security environments (Terentiev et al., 2023), 

and justify the choice of effective freight transportation 

technologies (Tsopa et al., 2025). Common to these 

works are the minimization of total costs across the lev-

els of the hierarchy, the explicit treatment of uncer-

tainty, and the reliance on metaheuristics or 

decomposition schemes owing to the complexity of the 

resulting models. 

The third stream seeks unification and methodological 

support. Ordered median optimization generalizes the 

classical p-median and p-center problems and makes it 

possible to incorporate equity and complex customer 

preference structures into facility location (Ljubić et al., 

2024), including its capacitated GIS-based vector as-

signment version (Vafaeinejad et al., 2020). Advances 

in mixed-integer linear programming solvers underpin 

the practical solvability of most of the models men-

tioned above (Clautiaux & Ljubić, 2025), while re-

views of modern trends in logistics development (Za-

gurskiy, 2021) and of intermodal hub network design 

(Basallo-Triana et al., 2021) outline research avenues 

for modeling realistic transport systems. 

The synthesis of these studies shows that continuously 

distributed demand, multiple (redundant) coverage of 

facilities by several nearest centers, capacity con-

straints, and the multi-stage organization of resource 

flows are, as a rule, considered separately; a technology 

combining them within a single mathematical and soft-

ware framework integrated with geoinformation sys-

tems, as required for the logistics of critical infrastruc-

ture, has not yet been proposed. Filling this gap is the 

focus of the present study. 

The present study investigates the process of locat-

ing technical or material support centers of critical 

infrastructure and distributing material flows within 

its transport and logistics system – whether for evac-

uating populations from disaster-affected areas or 

for delivering essential goods from state reserve 

warehouses to local residents via intermediate col-

lection points or distribution centers. As the mathe-

matical toolkit, the following models and methods 

are employed: 1) optimal multiplex partitioning of 

sets; 2) rational selection of service center locations 

based on existing facilities with multiple coverage 

of continuously distributed demand; 3) two-stage al-

location of resource flows within the transport and 

logistics system. 

The main material of this work is presented accord-

ing to the following structure: 1) mathematical mod-

els and methods for facility location with defined 

service zones; 2) description of the developed soft-

ware package implementing the proposed facility lo-

cation technologies in this context; 3) results of ser-

vice center location and territorial zoning, particu-

larly for cases involving critical infrastructure facil-

ities. 
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3. Materials and methods 

The mathematical models presented below are con-

structed under the following assumptions regarding 

the input data: 

1. The logistics centers to be located constitute crit-

ical infrastructure in the event of a natural or man-

made emergency. They perform functions of mate-

rial distribution and human resource planning. The 

construction and maintenance costs of each center 

are assumed to be known and remain constant 

throughout the planning horizon.  

2. The capacity of each logistics center is limited. 

Each service center (or intermediate distribution 

center) is assigned a specific territorial zone. Ser-

vices may be provided by any of the k nearest cen-

ters, ensuring a flexible and reliable logistics chain. 

3. The demand for services can be described ana-

lytically by a certain function. 

4. In the case of two-stage resource allocation, the 

organizational and setup costs of second-stage cen-

ters are assumed to be known for all units. Resources 

may be human (in the case of evacuation processes) 

or material (for the delivery of essential goods to 

destinations). The centers to be located are interme-

diate facilities (hubs, primary resource collection 

points, redistribution centers, etc.). 

5. The time required for movement between de-

mand points and centers, as well as between centers 

of the two stages, is directly proportional to the dis-

tance. The latter is assumed to be known and invar-

iant over time. 

6. All resources accumulated in an intermediate 

distribution center must be redistributed among the 

final recipients. 

Problem 1. Optimal location of centers with service 

zone definition (problem of optimal multiplex parti-

tioning of a set with center location and capacity 

constraints). 

Let Ω  be a bounded territory; let 𝜏𝑖 ∈ Ω,
𝑖 =  1,2, … , 𝑁, denote certain points referred to as 

centers (either predefined or to be located); let 

Ν =  {1,2, … , 𝑁} be the set of all center indices; let 

Μ(Ν, 𝑘)  be the set of all k-element subsets of Ν , 

|Μ(Ν, 𝑘)| = 𝐶𝑁
𝑘 = 𝐿; let 𝜌(𝑥)  be a nonnegative 

function describing the demand for service; let 

𝑐(𝑥, 𝜏𝑖)/𝑤𝑖 denote the cost of providing a service at 

point 𝑥 ∈ 𝛺  by center 𝜏𝑖  (assumed to be propor-

tional to the distance 𝑐(𝑥, 𝜏𝑖) between the points); 

let 𝑎𝑖 be the cost of establishing a new or upgrading 

an existing center 𝜏𝑖, or its fixed organizational costs 

calculated per unit of demand, 𝑖 = 1, 𝑁 ; and let 

𝑏1, 𝑏2, … , 𝑏𝑁 be the capacities of the centers, deter-

mining the maximum volume of services that the 

corresponding centers can provide. 

The problem is to determine the coordinates of the 

locations of 𝑁 centers and to partition the given re-

gion into subareas Ω𝜎𝑙
, 𝑙 = 1, 𝐿̅̅̅̅̅, each of which is as-

sociated with the same k nearest service centers 

{𝜏𝑗1
𝑙 , 𝜏𝑗2

𝑙 , … , 𝜏𝑗𝑘
𝑙 }, in order to minimize the total cost 

of servicing the entire region. Here 

𝜎𝑙 =  {𝑗1
𝑙 , 𝑗2

𝑙 , … , 𝑗𝑘
𝑙 }  is the set of indices of centers 

associated with zone Ω𝜎𝑙
. The partitioning of Ω must 

be carried out subject to the capacity of each 𝑗-th 

center and the share 𝛾𝑗
𝑙  of the service market it occu-

pies in territory Ω𝜎𝑙
, among the set {𝜏𝑗1

𝑙 , 𝜏𝑗2
𝑙 , … , 𝜏𝑗𝑘

𝑙 }, 

serving that territory. 

Let ΣΩ
𝑁,𝑘

 denote the class of all possible 𝑘-order par-

titions of Ω into subsets Ω𝜎1
, … , Ω𝜎𝐿

: 

 

ΣΩ
𝑁,𝑘 = {𝜔̅ = {Ω𝜎1

, … , Ω𝜎𝐿
}:  ⋃ Ω𝜎𝑙

𝐿
𝑙=1 = Ω,

𝑚𝑒𝑠 (Ω𝜎𝑖
∩ Ω𝜎𝑗

) = 0, 𝜎𝑙 , 𝜎𝑗 ∈ Μ(Ν, 𝑘), 𝑖 ≠ 𝑗,

𝑖, 𝑗 = 1, 𝐿̅̅̅̅̅}.  

(1) 

 

When 𝑘 = 1, this corresponds to a partition of the 

territory into zones of monopolistic service. 

The problem of optimal location of centers with ca-

pacity constraints and service zone definition is for-

malized as follows: 
 

𝐹(𝜔̄, 𝝉𝑁) → 𝑚𝑖𝑛
𝜔̄ ∈ 𝛴𝛺

𝑁,𝑘; 𝝉𝑁 ∈ 𝛺̂𝑁
,  (2) 

 

𝐹(𝜔̄, 𝝉𝑁) = 

=
1

𝑘
∑ ∫ ∑ (𝑐(𝑥, 𝜏𝑖)/𝑤𝑖 + 𝑎𝑖)𝜌(𝑥)𝑖∈𝜎𝑙

𝑑𝑥
𝛺𝜎𝑙

𝐿
𝑙=1 ,  (3) 

 

∑ ∫ 𝛾𝑖
𝑙𝜌(𝑥)𝑑𝑥

𝛺𝜎𝑙

𝐿
𝑙=1

𝑙: 𝑖∈𝜎𝑙

= 𝑏𝑖 ,  𝑖 = 1, 𝑝; (4) 

  

∑ ∫ 𝛾𝑖
𝑙𝜌(𝑥)𝑑𝑥

𝛺𝜎𝑙

𝐿
𝑙=1

𝑙: 𝑖∈𝜎𝑙

≤ 𝑏𝑖 , 𝑖 = 𝑝 + 1, 𝑁.  (5) 

 

Here 𝑤𝑖 > 0, 𝑎𝑖 ≥ 0, 𝑏𝑖 ≥ 0,  𝑖 = 1, 𝑁 , are given 

parameters. The coefficients 𝛾𝑖
𝑙  satisfy the following 

conditions for all 𝑗 = 1, 𝑁̅̅ ̅̅ ̅, 𝑙 = 1, 𝐿̅̅̅̅̅: 
 

0 ≤ 𝛾𝑗
𝑙 ≤ 1,  𝛾

𝑗1
𝑙

𝑙 + 𝛾
𝑗2

𝑙
𝑙 +. . . +𝛾

𝑗𝑘
𝑙

𝑙 = 1.  (6) 
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If the distribution of demand across Ω  is propor-

tional to the capacities of the centers, then for all 

𝑙 =  1, 𝐿 and for all 𝑗 = 1, 𝑁̅̅ ̅̅ ̅, 𝑗 ∈ 𝜎𝑙 , the quantities 

𝛾𝑗
𝑙  are given by: 𝛾𝑗

𝑙 = 𝑏𝑗/ ∑ 𝑏𝑞𝑞: 𝑞∈𝜎𝑙
. If the demand 

is distributed evenly among the centers, then 

𝛾𝑗
𝑙 =  

1

𝑘
, for all 𝑗 and 𝑙. 

For problem (2) – (6) to be solvable, the total capac-

ity of the centers must cover the service demand, i.e., 

the following conditions must hold: 
 

0 ≤ 𝑏𝑖 ≤ 𝑆,  𝑖 = 1, 𝑁; ∑ 𝑏𝑖
𝑝
𝑖=1 ≤ 𝑆 ≤ ∑ 𝑏𝑖

𝑁
𝑖=1 . (7) 

 

A rigorous theoretical justification of the solution 

method for problem (2) – (6) is provided in Koriash-

kina et al. (2025). It is shown that, by applying dual-

ity theory, one can obtain analytical expressions for 

the characteristic functions of subsets that form the 

multiplex partition of Ω. These expressions involve 

several parameters, which are themselves solutions 

of an auxiliary nondifferentiable optimization prob-

lem. Consequently, the algorithm for solving the for-

mulated problem is based on modern methods of 

nonsmooth optimization. In the developed software 

package, Shor’s r-algorithm is implemented. 

If, instead of minimizing (2), we minimize the fol-

lowing functional:  
 

𝐹𝑅(𝜔̄, 𝜏𝑁) = 

𝑚𝑎𝑥
𝑙=1,𝐿

𝑠𝑢𝑝
𝑥∈𝛺𝜎𝑙

𝑚𝑎𝑥
𝑖∈𝜎𝑙

(𝑐(𝑥, 𝜏𝑖)/𝑤𝑖 + 𝑎𝑖)𝜌(𝑥) → 𝑚𝑖𝑛
𝜔̄∈∑𝛺

𝑁,𝑘

𝜏𝑁∈𝛺𝑁

,  (8) 

 

we obtain the problem of optimal multiple set cov-

ering with constraints. For certain input data, (8) de-

fines the coverage radius: 
 

𝑅(𝜏∗
𝑁) = 𝑖𝑛𝑓

𝜏𝑁
sup
𝑥∈𝛺

𝑚𝑖𝑛
𝑖=1,...,𝑁

𝑐(𝑥, 𝜏𝑖).  (9) 

 

Methods of multiple spherical covering are devel-

oped using elements of the theory of continuous op-

timal partition problems and likewise reduce to con-

strained nonsmooth optimization problems. To 

solve them, subgradient methods and penalty func-

tion techniques are used. In addition, “regulariza-

tion” of the objective functional is applied either to 

prevent centers from being located too close to one 

another or to ensure that they are distributed as 

evenly as possible throughout the territory. 

If the capacities of the centers to be located are not 

known in advance, they can be estimated by solving 

the multiplex partitioning problem for continuous 

sets. The capacity of a located center can be deter-

mined based on information about the size of the ter-

ritory assigned to the center and the demand for ser-

vices within it, considering the multiplicity of parti-

tioning, namely: 
 

𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦(𝜏𝑖) = 

= ∑ ∫ 𝛾𝑖
𝑙𝜌(𝑥)𝑑𝑥

𝛺𝜎𝑙

𝐿
𝑙=1

𝑙: 𝑖∈𝜎𝑙

 𝑖 = 1, 𝑁.  (10) 

 

where 𝛾𝑖
𝑙  are constants which satisfy conditions (6). 

Problem 2. Rational selection of service center lo-

cations based on existing facilities (discrete-contin-

uous problem of optimal multiple set covering). 

Let 𝜈𝑚 ∈ 𝛵,  𝑚 = 1, . . . , 𝑀 , 𝛵 ⊆ 𝛺,  be predefined 

objects or sites specified by their coordinates and the 

cost of establishing logistics hubs at them. The num-

ber of potential sites exceeds the number of centers 

to be located. From all possible sites, it is necessary 

to select N, N < M, in an optimal sense. The budget 

for establishing new centers is A units, while the or-

ganization of a center at point 𝜈𝑚  costs 𝑎𝑚  units, 

𝑚 = 1, 𝑀. 

The problem of optimally selecting centers 𝜏𝑖 from 

set 𝛵 and defining their service zones in region 𝛺 

with the objective of minimizing the maximum pos-

sible service time from any of the k nearest centers 

to a customer, is formally stated as follows: find vec-

tor 𝑦 ∗= {𝑦𝑚
∗ }𝑚=1,𝑀, and the corresponding vector-

function 𝜆∗(⋅), such that: 
 

𝑅̄(𝑦, 𝜆(⋅)) = 

= sup
𝑥∈𝛺

min
𝜆(𝑥)∈𝛬𝑀

𝑘
max

𝑚=1,𝑀
𝑐(𝑥, 𝜈𝑚)𝜆𝑚(𝑥) → min,  (11) 

 

subject to the following constraints: 
 

∑ 𝑦𝑚 = 𝑁𝑀
𝑚=1 ,  (12) 

 

∑ 𝜆𝑚(𝑥)𝑀
𝑚=1 = 𝑘 ∀𝑥 ∈ 𝛺.  (13) 

 

𝜆𝑚(𝑥) ≤ 𝑦𝑚 ∀𝑚 = 1, 𝑀, ∀𝑥 ∈ 𝛺;  (14) 

 

𝜆𝑚(𝑥) = 0 ∨ 1, 𝑚 = 1, 𝑀; ∀𝑥 ∈ 𝛺;  (15) 

 

∑ 𝑎𝑚
𝑀
𝑚=1 𝑦𝑚 ≤ А,  (16) 

 

𝑦𝑚 = 0 ∨ 1,  𝑚 = 1, 𝑀,  (17) 

 

𝜈𝑚 ∈ 𝛵,  𝑚 = 1, . . . , 𝑀.  (18) 
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Here, variables 𝑦𝑚  and 𝜆𝑚(𝑥) ∀𝑥 ∈ 𝛺, are binary. 

Specifically, 𝑦𝑚 = 1 , if a center is located at 

𝜈𝑚 ∈  𝛵 , and 𝑦𝑚 = 0, if 𝜈𝑚  is un-

used,  𝑚 =  1, . . . , 𝑀; while: 
 

𝜆𝑚(𝑥) =

= {
1, if 𝑥 is in the service zone of center 𝜈𝑚,

0 otherwise,  𝑚 = 1, 𝑀.
 
(19) 

 

In problem (11) – (19), the facilities to be located are 

assumed identical. If, however, each 𝜏𝑖 , 𝑖 = 1, 𝑁 , 

and each potential site possesses its own character-

istics, then the unknown is a matrix with elements 

𝛽𝑖𝑚 , 𝑖 = 1, 𝑁, 𝑚 = 1, 𝑀 , such that: 
 

𝛽𝑖𝑚 = {
1, if center 𝜏𝑖 is located at site 𝜈𝑚,
0 otherwise,

 

∑ 𝛽𝑖𝑚
𝑁
𝑖=1 ≤ 1 ∀𝑚 = 1, 𝑀, 

∑ 𝛽𝑖𝑚
𝑀
𝑚=1 = 1 ∀𝑖 = 1, 𝑁. 

(20) 

 

In this case, the representation is: 
 

𝜏𝑖 = ∑ 𝛽𝑖𝑚𝜈𝑚
𝑀
𝑚=1 , 𝑖 = 1, 𝑁. (21) 

 

A numerical algorithm for solving the formulated 

problem is presented in Dziuba et al. (2023). 

Problem 3. Two-stage distribution of resource 

flows in a transport and logistics system (optimal 

partitioning of a continuous set with additional 

links). 

Let Ω be a territory that has suffered (or may suffer) 

damage as a result of an emergency; 𝛺̂ ⊆ 𝛺 is the 

territory on which intermediate distribution centers 

may be located; 𝜌(𝑥)  is a function describing the 

distribution of resources at point x  𝛺, units of re-

source per unit area; 𝑁 and 𝑀 are the numbers of 

first- and second-stage centers, respectively; 𝑆 is the 

total amount of resources in territory Ω, units of re-

source; 𝜏𝑖
𝑟 is the i-th center of stage r, with the cen-

ters of stage 𝐼 considered intermediate; 𝑏𝑖
𝑟 is its ca-

pacity (the maximum volume of resources that the 

respective centers can hold/provide), 𝑟 = 𝐼, 𝐼𝐼, units 

of resource; 𝑐𝑖
𝐼(𝑥, 𝜏𝑖

𝐼)  is the cost of delivering re-

sources from point 𝑥 ∈ 𝛺  to center 𝜏𝑖
𝐼 , monetary 

units per unit of resource; 𝑐𝑖𝑗
𝐼𝐼(𝜏𝑖

𝐼 , 𝜏𝑗
𝐼𝐼) is the cost of 

transporting resources from 𝜏𝑖
𝐼  to 𝜏𝑗

𝐼𝐼 , monetary 

units per unit of resource; 𝑎𝑖
𝐼 are the costs of organ-

izing an intermediate center at point 𝜏𝑖
𝐼  monetary 

units per unit of resource; 𝑎𝑗
𝐼𝐼 are the fixed organiza-

tional costs of center 𝜏𝑗
𝐼𝐼, monetary units per unit of 

resource; 𝜈𝑖𝑗 is the amount of resource transported 

from 𝜏𝑖
𝐼 to 𝜏𝑗

𝐼𝐼 (or in the opposite direction), units of 

resource, 𝑖 = 1, 𝑁;  𝑗 = 1, 𝑀. 

It is required that: 
 

𝐹(𝜔̄, 𝜏𝐼 , 𝜈) → min,  (22) 
 

𝐹(𝜔̄, 𝜏𝐼 , 𝜈) = 𝛽1 ∑ ∫ (𝑐𝑖
𝐼(𝑥, 𝜏𝑖) + 𝑎𝑖

𝐼)
𝛺𝑖

𝑁

𝑖=1

𝜌(𝑥)𝑑𝑥 + 

+𝛽2 ∑ ∑ (𝑐𝑖𝑗
𝐼𝐼(𝜏𝑖

𝐼 , 𝜏𝑗
𝐼𝐼) + 𝑎𝑗

𝐼𝐼)𝜈𝑖𝑗
𝑀
𝑗=1

𝑁
𝑖=1 ,  

(23) 

 

∫ 𝜌(𝑥)𝑑𝑥
𝛺𝑖

= ∑ 𝜈𝑖𝑗
𝑀
𝑗=1 ,  𝑖 = 1, 𝑁, (24) 

 

∑ 𝜈𝑖𝑗
𝑁
𝑖=1 = 𝑏𝑗

𝐼𝐼 ,  𝑗 = 1, 𝑀, (25) 

 

𝜔̄ ∈ 𝛴𝛺
𝑁 ,  𝜈 ∈ 𝑅𝑁𝑀

+ ,  𝜏𝐼 ∈ 𝛺̂𝑁,  (26) 
 

𝛴𝛺
𝑁 = {𝜔̄ = {𝛺1, 𝛺2, … , 𝛺𝑁}: ⋃ 𝛺𝑖 =𝑁

𝑖=1

𝛺,  𝑚𝑒𝑠(𝛺𝑖 ∩ 𝛺𝑗) = 0,  𝑖 ≠ 𝑗,  𝑖, 𝑗 = 1, 𝑁},  
(27) 

 

where 𝛽1,  𝛽2 ≥ 0, 𝛽1
2 + 𝛽2

2 ≠ 0  are given values 

that set the priorities of the terms and account for 

their normalization and dimensionlessness;  𝛴𝛺
𝑁  is 

the class of all possible partitions of 𝛺 into N zones; 

𝜔̄ = {𝛺1, 𝛺2, . . . , 𝛺𝑁} is an element of 𝛴𝛺
𝑁 ; 𝑅𝑁𝑀

+  is 

the space of (𝑁 × 𝑀) nonnegative real matrices. 

The method and numerical algorithm for solving 

problem (22) – (27) were developed according to the 

following scheme. Problem (22) – (27) is formulated 

in an equivalent form with respect to the character-

istic functions of the subsets that constitute the par-

tition of 𝛺. By applying duality theory, these are ob-

tained in analytical form, but their expressions con-

tain several parameters, which are solutions of an 

auxiliary nonlinear programming problem. This 

problem is solved using the r-algorithm. In this way, 

the optimal location of the first-stage centers and the 

characteristic functions of the subsets forming the 

optimal partition of Ω are determined. At each step 

of the r-algorithm: the capacities of the first-stage 

centers are computed according to the defined ser-

vice zones; a linear programming problem of the 

transportation type is solved by the potential 

method, and the optimal values of the resource flows 

between the first- and second-stage centers are ob-

tained. 
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4. Description of the Developed Software Pack-

age 

The selection of locations for logistics centers 

should be carried out in a well-grounded manner, us-

ing appropriate applied tools. Modern geographic 

information systems make it possible to create re-

positories of digital geospatial information for as-

sessing the risks of natural hazards and technologi-

cal accidents, such as landslides or fires. 

Based on the integration of mathematical models 

and solution methods for location/allocation prob-

lems presented above with GIS, a software package 

has been developed for locating logistics centers 

with simultaneous determination of their service 

zones. This GIS-enhanced technology combines ge-

ographic data with multiple information layers into 

interactive maps. 

In the developed software application (Fig. 1), the 

Google Maps API cloud platform is used to obtain 

spatial data. In particular, the Places, Routes, and 

Geocoding services are used to obtain points of in-

terest (e.g., schools or hospitals), build routes, and 

perform reverse geocoding to determine locations by 

their coordinates.  

Based on these data, algorithmic modules are acti-

vated to perform multiplex or monopolistic location 

of resource collection centers. The centers may ei-

ther be optimally located within the territory or se-

lected from existing POIs. After location, the 

optimal allocation of resources is computed, and the 

second-stage transportation problem – resource 

movement between collection centers – is solved us-

ing real routes obtained from Google Maps. 

The computations are carried out by a special API 

request handler that manages calls to algorithms and 

interaction with the GIS module. All results are 

stored in a database. After the computations are 

completed, the results are transferred to the front-

end application and displayed to the user. Visualiza-

tion is performed using OpenStreetMap: collection 

centers are marked with markers, coverage zones are 

displayed as polygons, and routes between second-

stage centers are shown with arrows. Thus, the user 

receives a complete picture of territorial location and 

logistics, taking real geodata into account. 

 

5. Results and Discussion 

Figure 2a visualizes the optimal solution of the two-

stage distribution problem: 100 resource units, uni-

formly distributed over a square territory, are col-

lected by N = 15 intermediate centers and delivered 

to M = 4 final-destination centers with a capacity of 

25 units each. Next to each center, the amount of ac-

cumulated resource is indicated in parentheses; ar-

row weights show the magnitudes of the flows di-

rected to the second-stage centers, and dashed lines 

mark the boundaries of the first-stage service zones. 

 

 
Fig. 1. Software Application Diagram 
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In the optimal solution, several intermediate centers 

accumulate negligible amounts of resource (less 

than one unit), so their operation would be irrational 

in terms of the use of transport vehicles or human 

resources. To avoid such situations, the developed 

technology incorporates two sequential procedures 

for improving the resource distribution scheme. 

The first procedure excludes low-capacity interme-

diate centers from consideration and re-solves the 

problem, redistributing their resources among the re-

maining centers. The second procedure prevents 

small resource flows between the first- and second-

stage centers: a lower bound is imposed on the vol-

ume of an admissible flow, the capacities of the sec-

ond-stage centers (calculated by formula (10)) are 

slightly increased, and the surplus thus introduced is 

absorbed by a fictitious intermediate center with 

prohibitively high transportation costs in the ex-

tended transportation problem. 

The result of applying these rationalization proce-

dures to the optimal solution is shown in Fig. 2b: 

only 6 of the 15 intermediate centers are retained, 

while the value of the objective functional increases 

by less than 1% – from 857.32 to 865.57 (the legends 

in the figures give the costs of the first and second 

stages and their sum). This is the main practical con-

clusion of the two-stage experiments: the structure 

of the logistics network can be radically simplified – 

the number of intermediate facilities to be organized, 

staffed, and maintained is reduced by more than half 

– at a practically negligible loss of optimality. 

Thus, the calculations confirm the expediency of 

complementing optimal solutions of two-stage loca-

tion–allocation problems with the proposed rational-

ization procedures. 

We now demonstrate the developed mathematical 

and software tools, with integrated calls to the geo-

graphic information system, on model problems of 

territorial zoning and optimal location of emergency 

logistics system units. Figure 3 compares the opti-

mal location of seven centers under monopolistic 

servicing (k = 1, left) and under duplex coverage (k 

= 2, right). In the monopolistic case, the optimal ser-

vice zones coincide with the Voronoi diagram gen-

erated by the located centers, in full agreement with 

the theory of continuous location–allocation prob-

lems; for k = 2, the territory is partitioned into sec-

ond-order Voronoi cells, each of which is assigned 

to the two nearest centers. 

The comparison quantifies the price of coverage re-

liability: guaranteeing service to every point of the 

territory by its two nearest centers increases the total 

cost from 146.82 to 210.61, i.e. by about 43%, while 

the area of influence of each center expands substan-

tially. The decision-maker thus receives an explicit 

trade-off between redundancy of coverage and trans-

portation costs – information that classical single-as-

signment location models do not provide.

 

a)                b) 

 
Fig. 2. Two-stage distribution of resources continuously distributed over a square area: a) optimal solution of 

the problem; b) result of applying the improvement procedure 



Dziuba et al. 

Archives of Transport, 78(2), 61-74, 2026 

69 

 

 

   
Fig. 3. Optimal location of logistics centers and determination of service zones: left – monopolistic servicing 

(k = 1); right – duplex coverage (k = 2) 
 

The results presented in Fig. 4 confirm the correct-

ness of accounting for the capacity constraints of the 

centers. Without constraints (left), the monopolistic 

zones of five fixed centers form a classical Voronoi 

partition of the territory with a total cost of 156.64. 

When the capacities of two of the centers are limited 

(right), their service zones contract to subregions 

with curvilinear boundaries, the surplus demand is 

reallocated to the neighboring centers, and the total 

cost rises to 199.22. Notably, the qualitative change 

in the geometry of the optimal zones – their bound-

aries cease to be straight-line segments – is captured 

analytically by the characteristic functions derived 

from duality theory, without any heuristic post-pro-

cessing. 

Figures 5 and 6 illustrate the operation of the GIS-

integrated software application on a real urban terri-

tory. Existing facilities suitable for the role of popu-

lation collection or goods distribution points – 

schools, hospitals, kindergartens, and other catego-

ries of points of interest – are retrieved automatically 

from OpenStreetMap for the outlined study area 

(Fig. 5). For the selected facilities, the multiplex 

zoning of the territory is then computed: Fig. 6 

shows the duplex (k = 2) responsibility zones con-

structed with the use of real pedestrian routes and 

population distribution data. Automatic identifica-

tion of suitable existing objects and of their service 

areas eliminates the need to involve analysts for a 

detailed examination of these zones. 

It is worth comparing the proposed approach with 

the location–allocation techniques discussed in the 

literature review. Discrete formulations – mixed-in-

teger programming models (Li J. et al., 2023; Ljubić 

et al., 2024) and covering models (Alizadeh et al., 

2021) – require demand to be aggregated into a finite 

set of points and candidate sites to be enumerated in 

advance, and their computational burden grows rap-

idly with the numbers of demand points, sites, and 

hierarchy levels (Clautiaux & Ljubić, 2025). Me-

taheuristic schemes – genetic algorithms and their 

modifications (Wang et al., 2021; Serhieiev & Us, 

2023; Fu et al., 2024) – scale better but provide no 

optimality guarantees, while multi-criteria ranking 

procedures (Stopka et al., 2022) and simulation stud-

ies (Szczepański et al., 2019) evaluate a small set of 

predefined alternatives rather than optimizing over 

the whole territory. In contrast, the technology pre-

sented here treats demand as continuously distrib-

uted and derives the boundaries of service zones an-

alytically, on the basis of duality theory: the loca-

tions of the centers, their service zones, and the in-

terstage flows are obtained simultaneously by non-

smooth optimization (Shor’s r-algorithm) without 

discretizing the territory into demand points and 

without pre-enumerating candidate zones. A direct 
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numerical comparison with these techniques is com-

plicated by the fact that they solve a discretized 

problem: its outcome is dominated by the granular-

ity of demand aggregation rather than by the proper-

ties of the methods themselves, and the reliability-

oriented multiplex formulation with capacity con-

straints has no established benchmark instances. 

Systematic quantitative benchmarking on common 

GIS-based test instances is therefore identified as a 

separate direction of future work. 
 

   
Fig. 4. Accounting for limited capacities of logistics centers: left – zoning without capacity constraints; right 

– zoning with limited capacities of two centers 
 

 
Fig. 5. Automated search for potential logistics centers among existing urban facilities (OpenStreetMap POI) 

within the study area 
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Fig. 6. Multiplex (k = 2) zoning of the territory for logistics centers selected from existing facilities 

 

From the practical standpoint, the proposed ap-

proach offers several advantages over the existing 

facility-location methods. First, multiplex (k-fold) 

coverage is embedded in the model itself, so the re-

liability of service – the assignment of every point 

of the territory to its k nearest centers – is obtained 

as a natural outcome of optimization rather than 

through scenario enumeration. Second, capacity 

constraints and fixed organizational costs are treated 

within the same analytical framework, which al-

lowed the rationalization procedures to more than 

halve the number of intermediate facilities at a cost 

increase of less than 1%. Third, the direct integration 

with geoinformation services (POI search, routing, 

population distribution) turns the mathematical 

models into an end-to-end decision-support tool: 

real objects are proposed as candidate centers, and 

their responsibility zones are drawn on the map au-

tomatically, which is particularly valuable for plan-

ning proactive measures and for rapid response un-

der emergency time pressure. 

 

6. Conclusions 

The conducted study confirms the relevance of ap-

plying modern mathematical methods and geoinfor-

mation technologies to solve problems of optimal lo-

cation of critical infrastructure facilities and the 

organization of material flows in emergency situa-

tions. A technology has been proposed that is based 

on models of optimal facility location, multiplex 

spatial partitioning, and two-stage resource distribu-

tion in hierarchical logistics systems. This approach 

makes it possible to account for center capacity con-

straints and to minimize total transportation and or-

ganizational costs. 

The developed technologies and multifunctional 

software package, integrated with modern GIS, pro-

vide the ability to analyze the efficiency of logistics 

center placement, determine their service zones, and 

model material resource flows. The integration of 

Google Maps API services (Places, Routes, Ge-

ocoding) for obtaining spatial data ensures auto-

mated processing of geolocation information and 

significantly improves the accuracy and timeliness 

of decision-making regarding the location of critical 

infrastructure facilities. 

The results of logistics process modeling within the 

proposed framework confirm its effectiveness and 

practical value, particularly in supporting manage-

rial decisions aimed at improving the resilience and 

efficiency of critical infrastructure functioning. The 

application of the developed models and software 

enables well-grounded formation of the logistics 

system structure, optimization of supply routes and 
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service zones, thereby contributing to the overall ef-

ficiency of resource management under crisis condi-

tions. 

Important directions for future research include the 

implementation of the developed software package 

into monitoring, prevention, and emergency re-

sponse systems, as well as ensuring environmental 

safety; the improvement of existing and the devel-

opment of new mathematical models for problems 

arising in the study of geological processes; the use 

of GIS technologies for population density assess-

ment; the refinement of interzonal boundaries by 

aligning them with existing transportation routes; 

and quantitative benchmarking of the proposed tech-

nology against discrete location–allocation models 

and metaheuristic methods on common GIS-based 

test instances. 
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