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Abstract: 

Urban rail transit is operated with network scenario mostly. Train routing determines spatial service range on the 

network, which will affect whether passengers transfer during the trip. Timetable determines arrival and departure 
time of each train at each station. To achieve balance between demand and supply and enhance service quality, sim-

ultaneous optimization of train routing and timetable is of significant importance for rail companies with the network. 

This will reduce the waiting time of passengers effectively, and the stations where train serve will be convenient for 
most passengers. However, existing studies in train operation planning with time-varying passenger demand haven’t 

addressed this aspect adequately. To bridge this gap, we develop an integrated optimization model for the Train Rout-

ing and Timetable Problem (TRTP) within a rail transit network, considering the dynamic of passenger demand and 
passenger path choice. Our objective is to minimize the operating costs for companies and to reduce the total waiting 

time experienced by passengers. The constrains of TRTP include time constraint, path constraint and train constraint. 

What’s more, the compatibility of headways on different routings is the focus when modeling. To verify the effective-
ness of our proposed model, we conduct a numerical experiment with CPLEX. After that, the results of integrated 

optimization and staged optimization are compared to show the beneficial of integration with train routing and time-

table. Moreover, we devise an algorithm tailored to this problem to solve the model, and a network case study is 
presented. As a case study, we apply the model to Guangzhou Metro Line 3 to validate its performance further, which 

is a Y-type line, the most common example of operation with network of urban rail transit in China. The results of our 

study demonstrate that the proposed integrated optimization model can achieve a reduction in operating costs and 
total waiting time for passengers effectively, providing convenience for passenger travel. 
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1. Introduction 

Urban rail transit has undergone a significant shift 

towards high-density networks, moving away from 

conventional linear structures to more intricate con-

figurations characterized by intersecting and non-in-

tersecting lines. Previously, due to traditional design 

and planning approaches, rail transit lines operated 

independently, lacking connectivity. However, as 

passenger demands have increased, the independent 

operation model has revealed drawbacks such as in-

efficient utilization of transport capacity resources 

and inconvenience for passengers during transfers. 

If a passenger needs to get off a train on one line and 

transfer to another train to get on a different line, this 

is called “cross-line”, which leads to the emergence 

of an interconnected transportation organization 

mode, with the Y-type line being a prominent exam-

ple of such connectivity. 

As urban rail transit networks continue to expand, 

operating costs have risen, making cost reduction a 

crucial concern for rail companies. At the same time, 

passengers have higher expectations for service 

quality and train routing may affect the transfer in 

the network. Passenger demand exhibits networking 

and spatial-temporal imbalances in urban rail transit. 

Existing train operation plans often fail to meet these 

demands effectively, resulting in increased passen-

ger transfer frequency and prolonged waiting times 

during transfers. Integrated optimization of train 

routing and timetable with time-varying passenger 

demand can reduce the number of transfers. There-

fore, optimizing both train routing and timetable 

with passenger demand is of utmost importance. 

Train routing refers to the spatial service range of the 

train on the network, which can be represented as a 

set containing multiple stations. This corresponds to 

strategic level in planning process for urban rail 

transit. While timetable determines arrival and de-

parture time of each train at each station on the basis 

of routing, which belongs to tactical level during 

planning (Wang et al., 2018). Currently, the optimi-

zation of train routing and timetable is carried out 

sequentially, limiting overall optimality, particularly 

within the scenario of a network. Hence, the optimi-

zation of both plans, considering passenger demand, 

holds immense significance. By prioritizing passen-

ger demand as a foundational element, the efficiency 

and effectiveness of train operation plans can be en-

hanced significantly, leading to improved service 

quality and cost reduction ultimately. 

The primary objective of this study is to achieve 

simultaneous optimization for both train timetables 

and train routing plans within a rail transit network, 

considering dynamic of passenger demand over 

time. This approach aims to align transportation ser-

vice within network under the evolving needs of pas-

sengers effectively. Consequently, this integrated 

optimization ensures the simultaneous fulfillment of 

interests for both rail companies and passengers. 

Furthermore, this integrated approach overcomes 

potential challenges encountered when transitioning 

from the plan compiling to train operating. With pas-

senger demand, this approach ensures a more realis-

tic and feasible implementation of train routing plan, 

eliminating potential discrepancies and enhancing 

operational efficiency overall. 

The rest of this paper is organized as follows. Sec-

tion 2 provides a comprehensive review of recent re-

search on train timetable and routing plan, pointing 

out the contributions of this research. Section 3 de-

scribes the research scenario and basic parameters of 

TRTP. The proposed model is presented in Section 

4. The results of numerical experiment and real case 

study analysis are discussed in Section 5 and 6. Fi-

nally, in Section 7, we summarize the key conclu-

sions of this paper. 

 

2. Literature review 

As rail transit networks expand continuously, the fo-

cus of train timetable studies needs to shift from op-

timizing single line to a more comprehensive ap-

proach. Collaborative optimization of train timeta-

bles with multiple rail lines becomes crucial for sat-

isfying passenger demand by considering interplay 

and coordination among different lines. Addition-

ally, the routing plan plays a vital role in determining 

the operational aspects of train services, encompass-

ing such as operating section, turnaround point and 

frequency. It serves as a blueprint for organizing and 

managing train operations, ensuring smooth and ef-

ficient service delivery throughout the rail transit 

network. 

 

2.1. Related research on train timetable 

The complexity of model may affect solution effi-

ciency, constructing reasonable and concise model 

will can reduce the problem scale. Yin et al. (2017) 

focused on the problem of metro scheduling with 

two directions, minimizing operating costs and pas-

senger waiting time. They transformed the complex 
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train scheduling problem with dynamic demand into 

a linear optimization model using space-time net-

works. Similarly, Meng et al. (2020) transformed the 

complex train scheduling problem with dynamic de-

mand into a linear optimization model. Zhou et al. 

(2019) combined the train schedule with passenger's 

reservation based on passenger demand. By estab-

lishing a two-level programming model, the depar-

ture and arrival time of each train is optimized firstly 

to reduce the total travel cost of passengers. Gong et 

al. (2021) developed a variable neighborhood search 

algorithm for large-scale problems, which is suitable 

for dynamic and randomness of passenger demand. 

The compilation of demand-driven timetables needs 

to balance the interests and costs for rail companies 

while considering passenger behavior. Robenek et 

al. (2016) proposed cyclical and non-periodic time-

table problem based on passenger satisfaction and 

operating company revenue, formulating it as a 

mixed-integer linear programming (MILP) model to 

maximize profit and passenger satisfaction. Polinder 

et al. (2021) focused on decision-making in the stra-

tegic phase of public transportation planning, ensur-

ing regular connections between passengers’ origins 

and destinations. Cats and Haverkamp (2018) pro-

posed an optimized model for automated on-demand 

rail-bound transit systems, considering passengers, 

equipment and operating costs. Dong et al. (2020) 

improved train schedule quality by optimizing stop 

plans and timetables under time-dependent passen-

ger demand. Wang et al. (2020) addressed passenger 

transfers in urban rail transit, minimizing total wait-

ing time and the number of passengers unable to 

transfer using a MILP. Su et al. (2021) put forward 

a concept of dwell time supplement, which was op-

timized considering passenger demand in peak hours 

or off-peak hours. Train timetable and energy con-

sumption can be adjusted in this way. Cacchiani et 

al. (2020) addressed uncertain demand using a MILP 

model with desired protection levels. Mo et al. 

(2019) optimized service-oriented train timetables 

for inhomogeneous passenger demands in two direc-

tions. Tian and Niu (2020) proposed a novel ap-

proach to demand-oriented timetabling, eliminating 

indivisibility by replacing two-station-dependent 

dual variables. 

Special circumstances such as passenger delays and 

operation interruptions have also been considered. 

Yin et al. (2021) aimed to minimize station crowd-

edness during peak hours by generating optimal 

coordinated train timetables synchronously. Zhu and 

Goverde (2019) tried to minimize passenger delays 

with three other dispatching measures: retiming, re-

ordering and cancelling. Furthermore, a MILP 

model has been proposed, which includes dispatch-

ing measures of retiming, reordering, cancelling, 

adding stops and flexible short-turning. This can re-

schedule the timetable in case of multiple disrup-

tions that occur at different geographic locations but 

have overlapping periods and are pairwise con-

nected by at least one train line (Zhu and Goverde, 

2021). Shakibayifar et al. (2018) proposed an opti-

mization framework based on simulation, generat-

ing timetable with the minimum total delay of trains 

at destinations on average. Gao et al. (2020) consid-

ered train unit maintenance requirements and perio-

dicity characteristics of trip sequences. Li et al. 

(2021) proposed a feeder-vehicle routing and high-

speed train assignment model with time windows to 

minimize the average of passengers’ delaying time 

at station by optimizing feeder-vehicle routes and 

passengers’ assignments to trains. 

Existing research indicates that passengers prioritize 

waiting time, travel costs, satisfaction levels and less 

transfers, while rail companies consider operating 

costs, profitability and train load rates. Striking a 

balance between service level and operating ex-

penses is crucial. Table 1 provides a comparison of 

optimized contents proposed in this study with rep-

resentative literature works, considering factors 

such as objective function, passenger transfer, pas-

senger demand input, train capacity and solution 

methods. 

 

2.2. Related research on train routing plan 

Several recent studies have made efforts to train 

scheduling and routing problem for railway systems. 

In terms of train routing plan optimization on net-

work, Claessens et al. (1998) established a nonlinear 

programming model with the objective of minimum 

operating cost, which can optimize the train opera-

tion plan of the railway network, solved by the 

branch and bound method. Goossens et al. (2006) 

established the optimization model of network train 

operation plan with the objective of minimizing the 

operating cost of companies, using CPLEX to solve 

it. Szeto and Wu (2011) optimized bus line routing 

on a network and departure frequency to minimize 

passenger travel time and transfers by genetic algo-

rithm with neighborhood search.   
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Table 1. Comparison of timetable synchronization optimization models 

Literature Objective function 

Consider both the main 

line and cross-line 

pssenger demand 

Form of 

Passenger 

demand input 

Consider 

train 

capacity 

Solved 

algorithm 

Ceder et al. 

(2001) 

Maximize the number of 

synchronizations 
No No No 

Heuristic 

algorithm 

Wong et al. 
(2008) 

Minimize passenger waiting 
time 

No Static No CPLEX 

Ibarra- 

Rojas and Rios-

Solis (2012) 

Maximize the number of 
synchronizations 

No No No 

Neighborhood 

search  

algorithm 

Kang et al. 

(2016) 

Maximize synchronization 

times and minimize transfer 

connection time 

No No No 
Genetic  

algorithm 

Wu et al. (2015) 
Minimize the maximum 

transfer waiting time 
No Static No 

Genetic  
algorithm 

Niu et al. (2015) 

Minimize passenger waiting 

time and minimize the negative 

effect of passenger congestion 

Yes Time-varying 

Crowded 

negative 

utility 

Dynamic  

programming, 
genetic  

algorithm 

Wu et al. (2016) 

Maximize the number of 
successful transfers and mini-

mize the deviation from 

the existing timetable 

No Static No 

Non-domi-
nated sorting 

genetic  

algorithm 

Shang et al. 

(2018) 
Minimize passenger travel time Yes Time-varying No 

Genetic  

algorithm 

This research 

Minimize business operating 

costs and total passenger 
waiting time 

Yes Time-varying Yes 

CPLEX,  

enumeration 
algorithm 

Sun et al. (2014) considered the interests of both 

companies and passengers, established train opera-

tion plan and timetable optimization model of high-

speed rail network, verified by an improved genetic 

algorithm. Zhao et al. (2016) focused on train rout-

ing plans for Y-type lines, minimizing passenger 

travel time and company-operated train travel dis-

tance with a genetic algorithm. Canca et al. (2016) 

studied network train routing plans, optimizing de-

parture frequency for each routing to minimize cor-

porate costs and average passenger travel time with 

an extended cutting plane algorithm. 

Train routing is closely tied to train scheduling and 

requires further research. Table 2 provides a com-

parison of optimization content related to this study 

with representative literature works. Factors such as 

objective function, passenger demand input and so-

lution methods. This analysis highlights the similar-

ities and differences between optimization ap-

proaches. The study aims to contribute to existing 

knowledge by considering various factors, employ-

ing accurate solving methods, and addressing scala-

bility concerns.

 

Table 2. Comparison of train routing plan optimization models 

Literature Objective function 
Form of passenger 

demand input 
Solved algorithm 

Goossens et al. (2006) Minimize operating costs No CPLEX 

Zhao et al. (2016) 
Minimize passenger travel time and travel distance 

of company-operated trains 
Static Genetic algorithm 

Canca et al. (2016) 
Minimize companies operating costs and average 

passenger travel time 
Static 

Extended cutting 

plane algorithm 

This research 
Minimize companies operating costs and total 

passenger waiting time 
Time-varying 

CPLEX, enumera-

tion algorithm 
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Through a comprehensive comparison with existing 

literature, it becomes evident that the train timetable 

studies up to now have seldom taken into account 

both main line and cross-line passenger demand. 

Consequently, the corresponding train timetables 

fail to meet the diverse passenger demand ade-

quately. Moreover, the consideration of train capac-

ity in these studies has been limited, leading to dis-

crepancies between the generated train timetables 

and actual operational conditions. Additionally, the 

majority of solution algorithms employed in these 

studies are heuristic in nature, which prevents attain-

ment of optimal solutions through precise solving al-

gorithms. 

In the context of train routing plan research, the ex-

isting studies use static passenger demand input 

forms predominantly. Consequently, the obtained 

train routing plans don’t cater to the dynamic pas-

senger demand effectively. Furthermore, while there 

have been numerous studies focusing on the integra-

tion of TRTP for single lines, the integration of these 

plans for multiple lines remains relatively unex-

plored. 

Overall, existing literature gaps necessitate more 

comprehensive and integrated approaches consider-

ing passenger demand, train capacity, accurate solv-

ing algorithms and dynamic passenger demand. The 

integration of TRTP for multiple lines requires fur-

ther exploration. 

This research makes the following significant con-

tributions. Firstly, it proposes an integrated optimi-

zation approach for TRTP within a rail transit net-

work. This approach considers both strategic level 

and tactical level with integration, as well as train 

capacity, leading to a more comprehensive optimi-

zation process. Secondly, this research addresses 

nonlinear constraints in the optimization model by 

converting them into linear constraints, enabling 

more efficient solving. The proposed model’s cor-

rectness and effectiveness are verified using a pre-

cise solver, providing confidence in the results ob-

tained. Additionally, an enumeration algorithm is 

proposed to handle network cases, offering a practi-

cal solution for complex scenarios and effective ap-

plication to real-world situations. These contribu-

tions enhance the field of TRTP optimization by 

considering various factors, using accurate solving 

methods and addressing scalability concerns. The 

research provides valuable insights and solutions for 

improving the efficiency and effectiveness of rail 

transit networks. 

 

3. Problem statement of TRTP 

3.1. Research scenario and passenger path 

The integrated optimization model of TRTP based 

on passenger demand aims to optimize the train rout-

ing, train arrival and departure times and train depar-

ture headways for each routing while meeting the 

goals of the rail companies and passengers. The ob-

jective is to determine a unique routing for each train 

line in timetable that ensures an overall optimal re-

sult. 

Consider the rail transit line shown in Figure 1, 

which consists of S stations with a transfer station 

Tr. There are 3 alternative routings, namely, routing 

1, 2 and 3. Among them, in routing 1, trains run be-

tween station 1 and station m. In routing 2, trains run 

between station Tr and station S. In routing 3, trains 

run from station 1 to station S. In particular, the line 

between station 1 and station m is defined as the 

main line, and the line between station Tr and station 

S is defined as the branch line. 

The research period is T, which is discretized into 

the time interval t with the same length 𝜎. Passenger 

demand is inputted in the form of origin-destination-

time. That means the passenger demand between 

each OD varies with time t. The following is a de-

scription of the integrated optimization of the TRTP 

from the perspective of train routing plan, train time-

table and passenger path choice. 

 

3.1.1. Train routing plan in TRTP 

In a rail transit network with complex routing forms 

and turnaround stations, there are numerous possible 

routing options. However, specific technical condi-

tions must be considered (e.g., availability of addi-

tional turnaround tracks) for a train routing to be es-

tablished. By adhering to such principles, all feasible 

routings can be obtained through enumeration, re-

ducing the solution space and computation time sig-

nificantly. 

The determination of train routing plan is based on 

actual cross-section passenger demand of the line. 

From a given set of alternative routings, routing se-

lections are made to form a feasible routing plan, 

leading to the ultimate determination of the optimal 

train routing plan. 
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Tr m-1
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Routing 3

Routing 2
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m+1

S-1

...
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Fig. 1. Schematic diagram of rail transit lines and the set of train routing 

 

3.1.2. Train timetable in TRTP 

In rail transit system, trains on each routing operate 

with spaced departures evenly within a certain pe-

riod (e.g., peak or off-peak hours), resulting in rela-

tively fixed train departure headways. This practice 

facilitates traffic management. Rail companies usu-

ally determine the frequency of departures per hour 

based on passenger volume, increasing train fre-

quency during peak hours and reducing it during off-

peak hours. 

The departure time of each train at the initial station 

varies within a certain range. The specific arrival 

and departure times of each train can be determined 

by considering passenger demand and routing plan. 

Additionally, to achieve a balance between passen-

ger demand and the interests of rail companies, the 

number of operating trains in this model is not fixed, 

making more realistic. By assuming a slightly larger 

total number of trains, a binary variable is used to 

determine the number of trains used based on the de-

parture headway. 

 

3.1.3. Passenger path choice in TRTP 

Taking Figure 1 as an example, the path choice by 

passenger is briefly analyzed. The term “path” refers 

to the route which passenger takes from their origin 

to destination, while “train routing” refers to the 

track where trains operate back and forth between 

the origin and turnaround station. 

In Figure 1, passengers are classified into five cate-

gories based on the locations of their origin and des-

tination. 

Blue passengers: Both the origin and destination sta-

tions are on the main line, located on the left side of 

the transfer station (between station 1 and station 

Tr). These passengers have two path options, taking 

trains on routing 1 or routing 3. 

Orange passengers: Both the origin and destination 

stations are on the main line. The origin stations are 

between station 1 and station m-1, while the destina-

tion stations are between station Tr+1 and station m, 

or vice versa. These passengers can only select one 

travel path, taking the train on routing 1 to the desti-

nation. 

Red passengers: The origin and destination stations 

are on the branch line (station Tr or between station 

m+1 and station S). For these passengers, there are 

two path options, taking the train on routing 2 or 

routing 3. 

Green passengers: The origin and destination sta-

tions are on the main line and the branch line, re-

spectively, located on the right side of the transfer 

station. The origin stations are between station Tr+1 

and station m, and the destination stations are be-

tween station m+1 and station S, or vice versa. These 

passengers have two path options, taking the train on 

routing 1 (or 2) to the transfer station, then transfer-

ring to the train on routing 2 (or 1); or taking the train 

on routing 1 (or 3) to the transfer station, then trans-

ferring to the train on routing 3 (or 1). 

Purple passengers: The origin and destination sta-

tions are on the main line and the branch line, re-

spectively, and are located on opposite sides of the 

transfer station. The origin stations are between sta-

tion 1 and station Tr, while the destination stations 

are between station m+1 and station S, or vice versa. 

These passengers also have two path options, taking 

the train on routing 1 (or 2) to the transfer station and 
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then transferring to the train on routing 2 (or 1); or 

taking the train on routing 3 directly to the destina-

tion. 

Additionally, considering train capacity in this 

model, it may exceed the maximum train capacity 

when passenger demand is very high, leading to 

overcrowding. This can result in passengers not be-

ing able to board trains within the specified time pe-

riod, and this scenario is also considered in the opti-

mization model. 

 

3.2. Assumptions proposed in TRTP 

This problem involves train operation and passenger 

path choice and the relationship between them is in-

tricate. To simplify the modeling, the following as-

sumptions are made considering with the reality of 

rail transit operations. 

For passengers, transfer can occur at any station 

where two routings overlap. To simplify passenger 

travel paths, it is assumed that these passengers 

transfer to trains on other routing only at terminus 

stations at both ends of the routing overlap, and the 

time required for transfers is relatively consistent. 

For rail companies, train operating time in each sec-

tion and dwell time at each station are fixed values 

under normal circumstances. Additionally, for the 

ease of organizing train operate from one line to an-

other, each routing adopts a balanced departure pat-

tern (Lv et al., 2019). That is, the headway between 

different routings on the network can vary, but it re-

mains the same for adjacent trains on the same rout-

ing. 

 

3.3. Parameters and variables 

The related parameters and variables are defined as 

follows. 

Parameters: 

𝐿 the set of alternative train routings, 𝑙 ∈ 𝐿 

𝑆 the set of stations, 𝑚′ ∈ 𝑆 

𝑂𝐷 the set of passenger origin-destination 

pairs, 𝑜𝑑 ∈ 𝑂𝐷 

𝑃𝑜𝑑 the set of paths that can be selected by pas-

sengers whose origin-destination is od, 

𝑝 ∈ 𝑃𝑜𝑑 

𝐿𝑝 the set of routings on path p, 𝑙𝑎, 𝑙𝑏 ∈ 𝐿𝑝 

𝑁𝑙 the set of available trains on routing l, 𝑖 ∈
𝑁𝑙 

𝑆𝑙 the set of stations covered by routing l, 

𝑚 ∈ 𝑆𝑙 

𝑇𝑟 the set of transfer stations, 𝑡𝑟𝑙𝑎,𝑙𝑏 ∈ 𝑇𝑟 , 

𝑙𝑎, 𝑙𝑏 ∈ 𝐿𝑝 

𝑇 research period and the end time is the last 

time when passenger arrives at the station 

𝑡 discretized the period T, t represents the 

discretized time interval, in minutes, 𝑡 =
1,2,3,⋯ , 𝑇 

𝜎 the length of each time interval 

𝑛𝑜𝑑(𝑡) the number of passengers whose origin-

destination is od during the time interval t 

𝑤𝑙,𝑖
𝑚 dwell time of train i at station m on routing 

l 

𝑟𝑙,𝑖
𝑚 operating time of train i in section m on 

routing l 

ℎ𝑚𝑖𝑛
𝑙

 minimum departure headway of trains on 

routing l 

ℎ𝑚𝑎𝑥
𝑙

 maximum departure headway of trains on 

routing l 

ℎ𝑑 safety departure headway of trains 

𝑒 walking time for passengers to transfer 

𝑀 a large positive integer 

𝐶𝑙,𝑖 maximum number of passengers that train 

i on routing l can accommodate 

𝜑𝑙
𝑚′

 if routing l covers station 𝑚′ , 𝜑𝑙
𝑚′
= 1 , 

otherwise 𝜑𝑙
𝑚′

= 0 

𝑙𝑚𝑎𝑥 maximum number of train routings for a 

plan 

𝜀 additional penalty time for each transfer 

𝛼 additional penalty time for unserved pas-

sengers 

𝛽 penalty for transfer waiting time 

𝛾 unit of account for operating cost of the 

train, CNY / (train · min) 

𝑠𝑙,𝑚
𝑙′,𝑚′

 relationship between the station m on rout-

ing l and the station 𝑚′ on routing 𝑙′, if sta-

tion m and station 𝑚′ are the same station, 

𝑠𝑙,𝑚
𝑙′,𝑚′

= 1, otherwise 𝑠𝑙,𝑚
𝑙′,𝑚′

= 0 

𝑟𝑜𝑑,𝑝
𝑙  relationship between the path p that can be 

selected by passengers whose origin-desti-

nation is od and the routing l, if path p con-

tains the portion of routing l, 𝑟𝑜𝑑,𝑝
𝑙 = 1 , 

otherwise 𝑟𝑜𝑑,𝑝
𝑙 = 0 

𝑘𝑜𝑑,𝑝
𝑙,𝑚

 relationship between the path p that can be 

selected by passengers whose origin-desti-

nation is od and the station m on the routing 

l, if path p contains station m and station m 
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is not the destination of the path p, 𝑘𝑜𝑑,𝑝
𝑙,𝑚 =

1, otherwise 𝑘𝑜𝑑,𝑝
𝑙,𝑚 = 0 

Decision variables: 

𝜌𝑙 if routing l is selected, 𝜌𝑙 = 1, otherwise 

𝜌𝑙 = 0 

𝜆𝑖
𝑙  if train i on routing l is used, 𝜆𝑖

𝑙 = 1, other-

wise 𝜆𝑖
𝑙 = 0 

𝑑𝑙,𝑖
𝑚 departure time of train i on routing l at sta-

tion m 

𝑎𝑙,𝑖
𝑚 arrival time of train i on routing l at station 

m 

ℎ𝑙 train departure headway on routing l 

𝑞
𝑙,𝑖,𝑙′,𝑖 ′
𝑚,𝑚′

 running sequence of trains, if the train i on 

routing l and the train𝑖′on routing𝑙′pass 

through the station m and𝑚′respectively, 

and the station m and𝑚′are the same sta-

tion, and the train i departs before the 

train𝑖′, 𝑞
𝑙,𝑖,𝑙′,𝑖′
𝑚,𝑚′

= 1,otherwise 𝑞
𝑙,𝑖,𝑙′,𝑖 ′
𝑚,𝑚′

= 0 

𝑧𝑜𝑑
𝑝 (𝑡) if passengers whose origin-destination is 

od choose path p in the time interval t, 

𝑧𝑜𝑑
𝑝 (𝑡) = 1, otherwise 𝑧𝑜𝑑

𝑝 (𝑡) = 0 

𝐿𝑜𝑑
𝑝,𝑙,𝑖(𝑡) if passengers whose origin-destination is 

od and choose path p in the time interval t 

take train i on routing l, 𝐿𝑜𝑑
𝑝,𝑙,𝑖(𝑡) = 1, oth-

erwise 𝐿𝑜𝑑
𝑝,𝑙,𝑖(𝑡) = 0 

𝑁𝑢𝑚𝑙,𝑖
𝑚 the number of passengers in the train after 

departure of train i on routing l from station 

m 

𝜏𝑜𝑑(𝑡) waiting time of passengers whose origin-

destination is od in the time interval t 

𝑤𝑡𝑜𝑑
𝑝 (𝑡) waiting time at the origin station when the 

passengers with origin-destination of od 

choose path p in the time interval t 

𝑡𝑡𝑜𝑑
𝑝 (𝑡) actual waiting time for transfer at the trans-

fer station when the passenger with the 

origin-destination of od choose path p in 

the time interval t 

𝑡𝑡𝑜𝑑
𝑝,𝑙𝑎(𝑡) actual waiting time for transfer at the trans-

fer station when the passengers with the 

origin-destination of od choose path p and 

transfer out from the routing 𝑙𝑎 in the time 

interval t 

 

4. Integrated optimization model of TRTP 

4.1. Objectives from supply and demand 

The integration of TRTP in rail transit network is 

relevant to the balance between rail companies and 

passenger satisfaction. The optimization model aims 

to minimize operating costs for the companies while 

reducing passenger waiting time. By considering 

both aspects, the model needs to find a solution that 

benefits both parties. It optimizes train routing, de-

parture times and headways to reduce costs for rail 

companies, while ensuring efficient transfers and 

minimizing waiting times for passengers. The opti-

mization model discussed in this section aims to 

strike a balance between the interests of companies 

and satisfaction of passengers by achieving cost sav-

ings without compromising service quality. 

a. operating costs of the company 

The operating cost considered in this model is only 

train operating cost, which can be obtained by mul-

tiplying total operating distance of the train by unit 

operating cost. The total operating distance is equal 

to the length of each routing multiplied by the num-

ber of operating trains on the routing. Since the op-

erating time in each section is fixed, the length of the 

train travel distance can be expressed by the train op-

erating time. The calculation of company operating 

cost is shown in equation (1). 

 

𝑍1 = 𝛾 ⋅∑(∑∑ 𝜆𝑖
𝑙 ⋅ 𝑟𝑙,𝑖

𝑚

𝑆𝑙

𝑚=1

𝑁𝑙

𝑖=1

)

𝐿

𝑙=1

 (1) 

 

b. waiting time of passengers 

Passengers who reached their destination success-

fully are called serviced passengers, and passengers 

who failed to reach their destination are called un-

served passengers. For the served passengers, total 

waiting time of each consists of two components: the 

waiting time of passengers after swiping their card 

at the origin station 𝑤𝑡𝑜𝑑
𝑝 (𝑡) and the transfer waiting 

time for passengers with transfer demands at the 

transfer station 𝑡𝑡𝑜𝑑
𝑝 (𝑡) . At this time, 𝑧𝑜𝑑

𝑝 (𝑡) = 1 , 

served passenger waiting time is calculated by for-

mula (2). Considering that the difference in transfer 

waiting time will affect the passenger's path choice, 

the transfer waiting time is multiplied by the corre-

sponding penalty factor𝛽. 

 

𝜏𝑜𝑑(𝑡) ≥ 𝑤𝑡𝑜𝑑
𝑝 (𝑡) + 𝛽 ⋅ 𝑡𝑡𝑜𝑑

𝑝 (𝑡) − 

−𝑀 ⋅ [1 − 𝑧𝑜𝑑
𝑝 (𝑡)] 

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 𝑡 =
1,2,⋯ , 𝑇

  

 

(2) 
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For the unserved passengers, ∑ 𝑧𝑜𝑑
𝑝 (𝑡)

𝑃𝑜𝑑
𝑝=1 = 0, the 

waiting time should be calculated by a certain pen-

alty time, as shown in formula (3). 

 

𝜏𝑜𝑑(𝑡) ≥ 𝛼 ⋅ [1 − ∑ 𝑧𝑜𝑑
𝑝 (𝑡)

𝑃𝑜𝑑
𝑝=1 ]  

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑡 = 1,2,⋯ , 𝑇 
(3) 

 

After clarifying how the waiting time is calculated, 

the objective of the total waiting time of passengers 

can be shown in equation (4), including total waiting 

time of served passengers and total penalty time of 

unserved passengers. 
 

𝑍2 = ∑ ∑ 𝜏𝑜𝑑(𝑡) ⋅ 𝑛𝑜𝑑(𝑡)
𝑇
𝑡=1

𝑂𝐷
𝑜𝑑=1   (4) 

 

Considering the two objectives, it is necessary to 

transform the multi-objective optimization model 

into a single-objective optimization model for solu-

tion. In addition, the dimensions of company operat-

ing cost and passenger waiting time are different. 

The two cannot be directly added as the objective 

function. Therefore, the linear weighting method is 

used to transform the multi-objective model into a 

single-objective model. 

The objective function after linear weighting is 

shown in equation (5). By adjusting the value of the 

weight coefficient, company operating cost and pas-

senger waiting time can be treated in the same di-

mension. It can also reflect the different emphasis 

between the two parties. 
 

𝑚𝑖𝑛𝑍 = 𝑚𝑖𝑛(𝜔1 ⋅ 𝑍1 +𝜔2 ⋅ 𝑍2) (5) 
 

4.2. Constraints of TRTP 

In this model, there are three types of constraints, in-

cluding time constraint, path constraint and train 

constraint. 

a. time constraint 

(1) departure time constraint for the first train 

Since the trains depart with equal headway, the first 

train on each selected routing must depart within the 

first departure headway of this routing. If the routing 

is not selected, the departure time of the first train on 

this routing is 0. 
 

0 ≤ 𝑑𝑙,1
1 ≤ ℎ𝑙 ⋅ 𝜌𝑙 𝑙 = 1,2,⋯ 𝐿 (6) 

 

(2) train operating time constraint 

The arrival time of train 𝑖 at station 𝑚 + 1 on rout-

ing 𝑙 is equal to the departure time at station 𝑚 plus 

the operating time in section (𝑚,𝑚 + 1). If the rout-

ing 𝑙 is not selected, the arrival time of the train on 

this routing at the next station is set to be 0. 

 

𝑎𝑙,𝑖
𝑚+1 − 𝑑𝑙,𝑖

𝑚 = 𝑟𝑙,𝑖
𝑚 ⋅ 𝜌𝑙 𝑙 = 1,2,⋯ 𝐿; 

𝑖 = 1,2,⋯𝑁𝑙;𝑚 = 1,2,⋯ 𝑆𝑙 − 1  
(7) 

 

(3) train dwell time constraint 

In order to ensure that passengers have enough time 

to get on and off the train, the train has a certain 

dwell time at each station. If the routing 𝑙 is not se-

lected, the departure time of the train on this routing 

at this station is set to be 0. 

 
𝑑𝑙,𝑖
𝑚 − 𝑎𝑙,𝑖

𝑚 = 𝑤𝑙,𝑖
𝑚 ⋅ 𝜌𝑙 𝑙 = 1,2,⋯ 𝐿; 

𝑖 = 1,2,⋯𝑁𝑙;𝑚 = 2,⋯ 𝑆𝑙 − 1 
(8) 

 

(4) safety departure headway time constraints 

There are upper and lower limits for the departure 

headway of trains on each separate routing in all sec-

tions. If the routing 𝑙 is not selected, the departure 

time of all trains on the routing is 0. 

 

𝑑𝑙,𝑖+1
1 − 𝑑𝑙,𝑖

1 = ℎ𝑙 ⋅ 𝜌𝑙 𝑙 = 1,2,⋯ 𝐿; 

𝑖 = 1,2,⋯𝑁𝑙 − 1 
(9) 

 

ℎ 𝑚𝑖𝑛
𝑙𝑙𝑚𝑎𝑥
𝑙
𝑙=1,2,⋯𝐿

 (10) 

 

If there is no overlapping section between a certain 

routing and other routings, the departure headways 

in all sections on this routing shall meet the above 

constraints. If routing 𝑙 and routing 𝑙′ pass through 

the same section, the minimum safety departure 

headway is expressed as formula (11) and (12). 

When either routing 𝑙 or routing 𝑙′ is not selected, 

then formula (11) and (12) are always true. When 

both routing 𝑙  and routing 𝑙′  are selected, a con-

straint arises from equation (13). If station 𝑚 and 

station 𝑚′  are the same station, and the departure 

time of train 𝑖 at station 𝑚 is earlier than that of train 

𝑖′  at station 𝑚′ , then 𝑞𝑙,𝑖,𝑙′,𝑖′
𝑚,𝑚′

= 1. As a result, for-

mula (11) can be transformed into 𝑑𝑙,𝑖
𝑚 − 𝑑𝑙′,𝑖 ′

𝑚′

≥ ℎ𝑑, 

which ensures the minimum departure headway con-

straint. The same applies vice versa. In addition, the 

departure headway of each routing has its upper and 

lower limits. Therefore, when two routings pass 

through the same section, the maximum departure 

headway of this section will certainly not exceed the 
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upper limit of the given departure headway of each 

routing. 
 

𝑑𝑙,𝑖
𝑚 − 𝑑𝑙′,𝑖 ′

𝑚′

≥ ℎ𝑑 +𝑀 ⋅ (𝑞
𝑙,𝑖,𝑙′,𝑖 ′
𝑚,𝑚′

+ 𝜌𝑙 + 𝜌𝑙′ − 3) 

𝑙, 𝑙′ = 1,2,⋯ , 𝐿;  𝑖 = 1,2,⋯,  
𝑁𝑙 − 1; 𝑖

′ = 1,2,⋯ ,𝑁𝑙′ − 1;𝑚 ∈ 𝑆𝑙;𝑚
′ ∈ 𝑆𝑙′  

(11) 

 

𝑑𝑙′,𝑖 ′
𝑚′

− 𝑑𝑙,𝑖
𝑚 ≥ ℎ𝑑 +𝑀 ⋅ (𝑞

𝑙′,𝑖 ′,𝑙,𝑖
𝑚′,𝑚 + 𝜌𝑙 + 𝜌𝑙′ − 3) 

𝑙, 𝑙′ = 1,2,⋯ , 𝐿; 𝑖 = 1,2,⋯, 
𝑁𝑙 − 1; 𝑖

′ = 1,2,⋯ ,𝑁𝑙′ − 1;𝑚 ∈ 𝑆𝑙;𝑚
′ ∈ 𝑆𝑙′  

(12) 

 

𝑞
𝑙,𝑖,𝑙′,𝑖 ′
𝑚,𝑚′

+ 𝑞
𝑙′,𝑖 ′,𝑙,𝑖
𝑚′,𝑚 = 𝑠𝑙,𝑚

𝑙′,𝑚′

 

𝑙, 𝑙′ = 1,2,⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙 − 1; 
𝑖′ = 1,2,⋯ ,𝑁𝑙′ − 1 

(13) 

 

b. path constraint 

(5) passenger path selection constraints 

For each passenger from origin to destination, only 

when routing 𝑙 on path 𝑝 is selected, the passenger 

can select the path 𝑝 to travel, as shown in formula 

(14). And the passenger can only choose one path at 

most, as shown in formula (15), for the serviced pas-

sengers, ∑ 𝑧𝑜𝑑
𝑝 (𝑡)

𝑃𝑜𝑑
𝑝=1 = 1. For the unserved passen-

gers, ∑ 𝑧𝑜𝑑
𝑝 (𝑡)

𝑃𝑜𝑑
𝑝=1 = 0. 

 

𝑧𝑜𝑑
𝑝 (𝑡) ≤ 𝜌𝑙 

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 
𝑙 = 1,2,⋯ , 𝐿𝑝; 𝑡 = 1,2,⋯ , 𝑇 

(14) 

 

∑ 𝑧𝑜𝑑
𝑝 (𝑡)

𝑃𝑜𝑑
𝑝=1 ≤ 1  

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 
𝑡 = 1,2,⋯ , 𝑇 

(15) 

 

(6) passenger boarding constraints 

When the path𝑝is selected, passengers must take a 

train on each routing on path𝑝, as shown in equation 

(16). And only when a train is used, passengers can 

take this train, which can be described by formula 

(17). 
 

∑ 𝐿𝑜𝑑
𝑝,𝑙,𝑖(𝑡)

𝑁𝑙
𝑖=1 = 𝑧𝑜𝑑

𝑝 (𝑡) ⋅ 𝑟𝑜𝑑,𝑝
𝑙   

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 
𝑙 = 1,2,⋯ , 𝐿𝑝; 𝑡 = 1,2,⋯ , 𝑇 

(16) 

 

𝐿𝑜𝑑
𝑝,𝑙,𝑖(𝑡) ≤ 𝑧𝑜𝑑

𝑝 (𝑡) ⋅ 𝑟𝑜𝑑,𝑝
𝑙 ⋅ 𝜆𝑖

𝑙  

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 
𝑙 = 1,2,⋯ , 𝐿𝑝; 𝑡 = 1,2,⋯ , 𝑇; 𝑖 = 1,2,⋯ ,𝑁𝑙 

(17) 

(7) relationship between passenger waiting time and 

path selection 

The waiting time of the passenger at the origin sta-

tion refers to the difference between passenger’s 

boarding time and arrival time, satisfying equation 

(18). 

 

𝑤𝑡𝑜𝑑
𝑝 (𝑡) = (𝑑𝑙1,𝑖

𝑜 − 𝑡) ⋅ 𝐿𝑜𝑑
𝑝,𝑙𝑎,𝑖(𝑡) 

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 
𝑡 = 1,2,⋯ , 𝑇; 𝑙1 ∈ 𝐿𝑝, 𝑖 = 1,2,⋯ ,𝑁𝑙 

(18) 

 

Waiting time for passenger during transfer is equal 

to the departure time at the transfer station minus the 

time to arrive at the transfer station and transfer 

walking time, shown as equation (19). 

 

𝑡𝑡𝑜𝑑
𝑝,𝑙𝑎(𝑡) = (𝑑

𝑙𝑏,𝑖
′

𝑡𝑟𝑙𝑎𝑙𝑏 − 𝑎
𝑙𝑎,𝑖

𝑡𝑟𝑙𝑎𝑙𝑏 − 𝑒) ⋅ 𝐿𝑜𝑑
𝑝,𝑙𝑎,𝑖(𝑡) ⋅ 

⋅ 𝐿𝑜𝑑
𝑝,𝑙𝑏,𝑖

′

(𝑡) 

𝑜𝑑 = 1,⋯ , 𝑂𝐷; 𝑝 = 1,⋯ , 𝑃𝑜𝑑; 
𝑡 = 1,⋯ , 𝑇; 𝑙𝑎, 𝑙𝑏 ∈ 𝐿𝑝; 𝑙𝑏 > 1; 

𝑙𝑎 = 𝑙𝑏 − 1; 𝑖 = 1,⋯ ,𝑁𝑙𝑎; 𝑖
′ = 1,⋯ ,𝑁𝑙𝑏 

(19) 

 

Passengers may encounter more than one transfer 

during travel, so the total transfer waiting time is 

equal to the sum of the transfer waiting time of each 

transfer station in the selected path. Furthermore, the 

choice of different paths can result in varying trans-

fer times during travel, ultimately impacting the 

level of travel comfort experienced by passengers. 

Therefore, the transfer times is multiplied by an ad-

ditional penalty time and added to the transfer wait-

ing time, as shown in equation (20). 

 

𝑡𝑡𝑜𝑑
𝑝 (𝑡) = ∑ 𝑡𝑡𝑜𝑑

𝑝,𝑙𝑎(𝑡) + (𝐿𝑝 − 1) ⋅ 𝜀
𝐿𝑝
𝑙𝑎=1

  

𝑜𝑑 = 1,2,⋯ ,𝑂𝐷; 𝑝 = 1,2,⋯ , 𝑃𝑜𝑑; 𝑡 = 1,2,⋯ , 𝑇 
(20) 

 

(8) routing selection constraints 

Too many routings will make the operation organi-

zation more complex, so the total number of routings 

has upper limit requirements, as shown in formula 

(21). At the same time, it is also necessary to ensure 

that all stations and sections can be covered by at 

least one routing to meet the travel needs of all 

origin-destination demands, as shown in formula 

(22). 

 

∑ 𝜌𝑙
𝐿
𝑙=1 ≤ 𝑙𝑚𝑎𝑥  (21) 

 



Zhang, S., Li, D., Wang, Y., Wang, Y. 

Archives of Transport, 75(3), 41-71, 2025 

51 

 

 

 

∑ 𝜌𝑙 ⋅ 𝜑𝑙
𝑚′𝐿

𝑙=1 ≥ 1 𝑚′ = 1,2,⋯ , 𝑆  (22) 

 

c. train constraint 

(9) determination of the number of operating trains 

When a certain routing is not selected, the trains on 

that routing will not be used, as shown in formula 

(23). 

When the departure time of a train exceeds the re-

search time period, the previous train of that is the 

last train used, as shown in formula (24) and (25). 

When𝜌𝑙 = 0, then 𝜆𝑖
𝑙 = 0,𝑑𝑙,𝑖

1 = 0, (24) and (25) are 

always true. When𝜌𝑙 = 1, if 𝑑𝑙,𝑖
1 ≤ 𝑇, then𝜆𝑖

𝑙 = 1, 

otherwise 𝜆𝑖
𝑙 = 0. 

In addition, when train 𝑖 is used, train 𝑖 − 1 must be 

used, as shown in formula (26). 

 

𝜆𝑖
𝑙 ≤ 𝜌𝑙 𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙 (23) 

 

𝑇 − 𝑑𝑙,𝑖
1 ≥ 𝑀 ⋅ (𝜌𝑙 + 𝜆𝑖

𝑙 − 2) 

𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙 
(24) 

 

𝑇 − 𝑑𝑙,𝑖
1 < 𝑀 ⋅ (1 − 𝜌𝑙 + 𝜆𝑖

𝑙) 

𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙 
(25) 

 

𝜆𝑖
𝑙 ≤ 𝜆𝑖−1

𝑙 𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙 (26) 

 

(10) train capacity constraints 

The number of passengers on the train is equal to the 

sum of the number of passengers for each origin-

destination who choose the train, as shown in equa-

tion (27). The number of passengers on each train 

must be less than or equal to the capacity of the train, 

which is train capacity constraint shown in formula 

(28). 

 

𝑁𝑢𝑚𝑙,𝑖
𝑚 = ∑ ∑ ∑ 𝐿𝑜𝑑

𝑝,𝑙,𝑖(𝑡) ⋅ 𝑛𝑜𝑑(𝑡) ⋅ 𝑘𝑜𝑑,𝑝
𝑙,𝑚𝑃𝑜𝑑

𝑝=1
𝑇
𝑡=1

𝑂𝐷
𝑜=1   

𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙;𝑚 = 1,2,⋯ , 𝑆𝑙 − 1 
(27) 

 

𝑁𝑢𝑚𝑙,𝑖
𝑚 ≤ 𝐶𝑙,𝑖 

𝑙 = 1,2⋯ , 𝐿; 𝑖 = 1,2,⋯ ,𝑁𝑙;𝑚 = 1,2,⋯ , 𝑆𝑙 − 1 
(28) 

 

4.3. Compatibility of headways on different 

routings 

In a feasible train routing plan, there may be two 

routings covering the same section. The minimum 

safe departure headway time has more stringent re-

quirements on the departure headway of these train 

lines. Therefore, this section discusses the 

compatibility of departure headways covering the 

same section. If given departure headways meet the 

train safety departure headway time, they are com-

patible, otherwise they are incompatible. The discus-

sion results of departure headway compatibility of 

different routings can help to predict before solving, 

avoiding the generation of some solutions that don’t 

meet the conditions and speeding up the solution 

process. In addition, solution space of the integrated 

model can be further reduced by combining with the 

compatibility analysis of departure headway of dif-

ferent routings. 

Based on the discussion of compatibility in refer-

ence (Canca et al., 2016), here makes some modifi-

cations for the differences of this research. The orig-

inal problem studies train routing plan and the deci-

sion variable is the departure frequency. However, 

proposed model in this research involves specific 

train timetable except for train routing plan, and de-

cision variables include departure headway and de-

parture time of the first train at the initial station. 

Therefore, the compatibility discussion of departure 

frequency in the original problem can be modified to 

the compatibility discussion of departure headway, 

which is more suitable for TRTP in this study. 

Set the departure headway of one routing as ℎ𝑙 and 

the departure headway of the other routing covering 

the same section as ℎ𝑙′, the compatibility matrix 𝜁 is 

used to show whether the departure headways of the 

two routings are compatible. If 𝜁(ℎ𝑙 , ℎ𝑙′) = 1, they 

are compatible. If𝜁(ℎ𝑙 , ℎ𝑙′) = 0, they are incompati-

ble. 

The compatibility of departure headway ℎ𝑙  and ℎ𝑙′ 

shall meet the following conditions. 

(a) ℎ𝑑 ⋅ (⌈𝑇/ℎ𝑙⌉ + ⌈𝑇/ℎ𝑙′⌉) ≤ 𝑇 

(b) ∀𝑖 ∈ [0, ⌈𝑇/ℎ𝑙⌉], 𝑗 ∈ [0, ⌈𝑇/ℎ𝑙′⌉], 𝑎 ∈
[0,𝑚𝑖𝑛{ ℎ𝑙 , ℎ𝑙′})，𝑖, 𝑗, 𝑎 ∈ 𝑍 

       |𝑎 + ℎ𝑙 × 𝑖 − ℎ𝑙′ × 𝑗| ≥ ℎ𝑑, where 𝛼 is the al-

lowable time adjustment amount. 

Condition (a) ensures that departure headway should 

large enough to meet the requirements of safe depar-

ture headway time, which has eliminated many com-

binations of departure headways. For example, if 

𝑇 = 60𝑚𝑖𝑛 , ℎ𝑑 = 2𝑚𝑖𝑛 , ℎ1 = 4𝑚𝑖𝑛 , ℎ2 = 3𝑚𝑖𝑛 

and routing 1 and routing 2 cover the same section, 

then 

ℎ𝑑 ⋅ (⌈𝑇/ℎ1⌉ + ⌈𝑇/ℎ2⌉) = 70 > 60 

The condition (a) is not met, so the departure head-

ways are not compatible. This is because when the 

safety departure headway time is 2 minutes, 
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assuming that train i on routing 1 and train j on rout-

ing 2 are two adjacent trains from the station, train i 

needs to depart 2 minutes after train j departs. How-

ever, the departure headway between train j+1 and 

train j is 3 minutes. The departure headway between 

train j+1 and train i is only 1 minute, which does not 

meet the safety departure headway time. 

When condition (a) is satisfied, it is necessary to 

judge whether condition (b) is satisfied. An example 

is given, 𝑇 = 30 min, ℎ𝑑 = 2 min, ℎ𝑙 = 10 min, 

ℎ𝑙′ = 5min, both routings pass through section A-B. 

Figure 2 (a) shows the train departure headway of 

two routings. In Figure 2 (b), considering the safety 

departure headway time (represented by small rec-

tangle), the compatibility of departure headway of 

two routings can be satisfied by adjusting the depar-

ture time of trains on both routings. It can be ob-

served that this relationship can be obtained when 

the headway of one routing is a multiple of another. 

When the departure headways of two routings are 

large enough, they may be compatible even though 

the departure headways are not an integer multiple. 

For example, 𝑇 = 30𝑚𝑖𝑛 , ℎ𝑑 = 2𝑚𝑖𝑛 , ℎ𝑙 =
10𝑚𝑖𝑛 , ℎ𝑙′ = 15𝑚𝑖𝑛 , both routings pass through 

section A-B. Figure 3(a) shows the departure head-

way of two routings. In Figure 3(b), considering the 

safety departure headway time (represented by small 

rectangle), the compatibility of departure headway 

of two routings can be satisfied by adjusting the de-

parture time of trains on both routings. 

Finally, an example is given to discuss the incom-

patibility of departure headways. 𝑇 = 30𝑚𝑖𝑛, ℎ𝑑 =
2𝑚𝑖𝑛, ℎ𝑙 = 5𝑚𝑖𝑛, ℎ𝑙′ = 6𝑚𝑖𝑛, both routings pass 

through section A-B. Although condition (a) is met, 

condition (b) cannot be satisfied. Figure 4 (a) shows 

the departure headway of two routings and Figure 4 

(b)-(e) show all the adjustments. The departure 

headway in circle does not meet the train safety de-

parture headway time. It can be seen that the depar-

ture headways of two routings are incompatible in 

any case. 

 

(a)                                                                                (b) 

A

B

0 5 10 15 20 25 30
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Fig. 2. Compatibility between departure headway of 10 min and 5 min 
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Fig. 3. Compatibility between departure headway of 10 min and 15 min 
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(b)                                                                                (c) 
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(d)                                                                                (e) 
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Fig. 4. Compatibility between departure headway of 5 min and 6 min 

 

Taking one hour as an example, assuming the 

safety departure headway is 2 min, the 

compatibility matrix of some typical departure 

headways is given as follows.

 

𝜁 =

(

 
 
 
 
 
 
 
 
 

ℎ𝑙 = 2 ℎ𝑙 = 3 ℎ𝑙 = 4 ℎ𝑙 = 5 ℎ𝑙 = 6 ℎ𝑙 = 10 ℎ𝑙 = 12 ℎ𝑙 = 15 ℎ𝑙 = 20 ℎ𝑙 = 30
ℎ𝑙′ = 2 0 0 0 0 0 0 0 0 0 0
ℎ𝑙′ = 3 0 0 0 0 0 0 0 0 0 0
ℎ𝑙′ = 4 0 0 1 0 0 0 1 0 1 1
ℎ𝑙′ = 5 0 0 0 1 0 1 0 1 1 1
ℎ𝑙′ = 6 0 0 0 0 1 0 1 0 1 1

ℎ𝑙′ = 10 0 0 0 1 0 1 1 1 1 1
ℎ𝑙′ = 12 0 0 1 0 1 1 1 1 1 1
ℎ𝑙′ = 15 0 0 0 1 0 1 1 1 1 1
ℎ𝑙′ = 20 0 0 1 1 1 1 1 1 1 1
ℎ𝑙′ = 30 0 0 1 1 1 1 1 1 1 1 )
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5. Numerical experiment 

5.1. Experiment description and result 

As shown in Figure 5, there are four stations in the 

rail network. The main line and branch line are in-

terconnected at station 2, with facilities and equip-

ment conditions required for cross-line operation. 

There are four alternative routings, i.e. routing 1 (op-

erating section is 1-3), routing 2 (operating section 

is 1-4), routing 3 (operating section is 2-3) and rout-

ing 4 (operating section is 2-4). Parameters required 

for solution are shown in Table 3 and the passenger 

demand with a granularity of 1 min is shown in Fig-

ure 6. 

In the example, routing 1 and 2, routing 1 and 3, 

routing 2 and 4 cover the same section. Based on the 

discussion of departure headway compatibility and 

the parameter values, the compatibility matrix 𝜁 of 

departure headway is obtained as follows. 
 

𝜁 =

(

 
 

ℎ𝑙 = 5 ℎ𝑙 = 6 ℎ𝑙 = 7 ℎ𝑙 = 8
ℎ𝑙′ = 5 1 0 0 0
ℎ𝑙′ = 6 0 1 0 0
ℎ𝑙′ = 7 0 0 1 0
ℎ𝑙′ = 8 0 0 0 1 )

 
 

 

 

After the analysis and classification, CPLEX is used 

to solve the model. EPGAP is set to 5%. The com-

puter processor is Intel (R) core (TM) i3-8100 @ 

3.60 GHz 3.60 GHz and the internal storage is 8G. 

EPGAP is a parameter for CPLEX, representing the 

ratio of difference between the upper and lower 

bounds of the objective function to the upper bound. 

This parameter has a significant impact on calculat-

ing quality and time. By general, CPLEX can seek 

the optimal solution, i.e., a solution with EPGAP 

equals to 0. When EPGAP is set to a certain value, 

CPLEX terminates the solution search while meet-

ing the EPGAP and outputs the optimal solution. 

When EPGAP is no more than 5%, the difference 

between the upper and lower bounds of the objective 

function is not significant, but there is a significant 

difference in calculating time. Therefore, for this nu-

merical experiment, to balance the calculating time 

and quality, EPGAP is set to 5%, just to verify that 

the optimization result of this model is convergent 

(Qi et al., 2021). 

In this example, there are 7 combination schemes of 

routings. Among them, train departure headway of 

each routing in the same scheme shall meet the com-

patibility conditions. The combination schemes of 

routings with train departure headway and the opti-

mized results can be calculated. 

Among all the schemes, the optimal solution is 

achieved when routing 1 and routing 2 are selected. 

For this scheme, the departure headway between 

trains is set at 7 minutes, and a total of 7 trains are 

utilized. The objective function value for this opti-

mal solution is 7155. The results of the integrated 

model are shown in Figure 7. 
 

Main line

Branch line

1 2 3

4
Routing 1

Routing 3

Routing 2

Routing 4
 

Fig. 5. Schematic diagram of experiment line and alternative routings 
 

Table 3. Parameters of the numerical experiment 
Parameters Value Parameters Value Parameters Value 

𝑇 50 min ℎ𝑚𝑎𝑥
𝑙

 8 min 𝑟𝑙,𝑖
(2−3)

 9 min 

𝑁𝑙 10 𝛼 50 min/person 𝑟𝑙,𝑖
(2−4)

 10 min 

ℎ𝑑
 

2 min 𝛽
 

1 𝑒 4 min 

ℎ𝑚𝑖𝑛
𝑙

 5 min 𝑤𝑙,𝑖
2  1 min 𝜀 5 min/time 

ℎ𝑚𝑎𝑥
𝑙

 8 min 𝑟𝑙,𝑖
(1−2)

 5 min 𝐶𝑙,𝑖 50 people/ train 
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Fig. 6. Passenger demand of the numerical experiment 

 

(a) Train routing plan 

Main line
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1 2 3
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Routing 1

Routing 2
 

(b) Train timetable 

Station 1
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Station 4

10 20 30 40 50 60 70
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Routing 1 (station 1-2-3)

Routing 2 (station 1-2-4)
 

Fig. 7. Solution obtained by integrated optimization 
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5.2. Comparison with staged model 

5.2.1. Optimization of TRTP 

In order to analyze the optimization effect of this 

model further, the above result is compared with that 

of the staged optimization. Staged optimization re-

fers to the optimization of the train routing plan 

based on static passenger demand data. After that, 

train timetable can be optimized based on the opti-

mal train routing plan. The results of the staged op-

timization model are shown in Figure 8. The com-

parison of optimized results between staged model 

and integrated model are shown in Table 4. 

The integrated optimized train operation plan 

achieves a 22.95% reduction in the objective func-

tion value compared to the staged model. However, 

it is observed that company operation cost in the in-

tegrated optimized plan has increased by 9.14% due 

to longer train running times resulting from the inte-

gration. Despite the increase in operating costs, the 

total passenger waiting time is reduced by 44.39%, 

indicating that the integrated optimized plan meets 

passenger demand better. 

In terms of passenger waiting time, the integrated 

optimized plan shows significant improvements. 

The waiting time at origin station is reduced by 307 

minutes, while transfer waiting time and its penalty 

are reduced by 814 minutes. This reduction is at-

tributed to passengers with an origin-destination of 

1-4 being able to reach their destination without 

transferring, saving waiting and penalty time signif-

icantly. Additionally, penalty time for unserved pas-

sengers is reduced by 1350 minutes, as the inte-

grated and optimized plan accommodates more pas-

sengers, minimizing the number of unserved indi-

viduals. 

Therefore, the result validates the effectiveness and 

accuracy of the proposed integrated optimization 

model. This model can reduce total passenger wait-

ing time significantly while maintaining a minimal 

increase in the company operating cost. This solu-

tion can achieve a balance between passenger satis-

faction and operational efficiency. 

 

    (a) Train routing plan 

Main line

Branch line

1 2 3

4

Routing 1

Routing 4
 

    (b) Train timetable 

Station 1

Station 2

Station 3

Station 4

10 20 30 40 50 60 70

time/min

Routing 1 (station 1-2-3)

Routing 4 (station 2-4)
 

Fig. 8. Solution obtained by staged optimization 
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Table 4. Comparison of optimization results of the numerical experiment 

 

Value of ob-

jective func-

tion 

Company 

operating 

cost/CNY 

Total passen-

ger waiting 

time/min 

Waiting time 

at origin sta-

tion/min 

Waiting time for 

transfer and pen-

alty/min 

Penalty time for 

unserved pas-

sengers/min 

Staged model 9286 3720 5566 3002 814 1750 

Integrated model 7155 4060 3095 2695 0 400 

Note: The value of EPGAP is 5% 

 

5.2.2. Number of people and occupancy rate of 

each train 

Table 5 and Table 6 show the number of trains in 

each section and the occupancy rate of trains under 

the integrated optimized model and staged model re-

spectively. The data demonstrates a trend where the 

number of passengers on trains in each section and 

the occupancy rate of trains generally increase at 

first and then decrease. This pattern aligns with the 

observed passenger demand trend shown in Figure 

6, where the demand increases and then decreases 

over time. Due to the constraints of train capacity, 

occupancy rate of all trains is less than or equal to 

100%, which can meet passenger demand without 

overcrowding in the carriage, improving the comfort 

during travel. 

In addition, the number of passengers in each section 

under the integrated optimization changes smoothly 

than the staged optimization. The average number of 

passengers is also smaller than staged optimization 

plan. Occupancy rate of each train is also more bal-

anced.

 

 

Table 5. The number of passengers on trains and occupancy rate with optimization in stage 
   train 1 train 2 train 3 train 4 train 5 train 6 train 7 train 8 train 9 

Rou-

ting 1 

Section 

1-2 

Number of pas-

sengers on 

trains/person 

6 29 33 49 50 50 50 50 43 

Occupancy rate 12% 58% 66% 98% 100% 100% 100% 100% 86% 

Section 

2-3 

Number of pas-
sengers on 

trains/person 

8 19 35 44 45 49 14 50 21 

Occupancy rate 16% 38% 70% 88% 90% 98% 28% 100% 42% 

   train1 train 2 train 3 train 4 train 5 train 6    

Rou-

ting 4 

Section 

2-4 

Number of pas-

sengers on 

trains/person 

11 16 50 50 50 48    

Occupancy rate 22% 32% 100% 100% 100% 96%    

 

Table 6. The number of passengers on trains and occupancy rate with integrated optimization 
   train 1 train 2 train 3 train 4 train 5 train 6 train 7 

Rou-

ting 
1 

Section 

1-2 

Number of passen-

gers on trains/person 
16 22 30 45 41 28 14 

Occupancy rate 32% 44% 60% 90% 82% 56% 28% 

Section 
2-3 

Number of passen-

gers on trains/person 
23 39 50 50 50 50 22 

Occupancy rate 46% 78% 100% 100% 100% 100% 44% 

   train1 train 2 train 3 train 4 train 5 train 6 train 7 

Rou-

ting 

2 

Section 
1-2 

Number of passen-

gers on trains/person 
9 19 23 39 47 35 16 

Occupancy rate 18% 38% 46% 78% 94% 70% 32% 

Section 

2-4 

Number of passen-
gers on trains/person 

18 25 48 50 50 47 17 

Occupancy rate 36% 50% 96% 100% 100% 94% 34% 
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5.3. Sensitivity analysis 

5.3.1. Impact of weight coefficient 

To facilitate the use of CPLEX to solve the model, 

it is necessary to convert the multi-objective optimi-

zation model into a single objective model. The 

weight coefficients of each objective are different 

and the impact on results are also different. There-

fore, sensitivity analysis of the weight coefficients 

ought to be carried out. 

In order to study the influence of different weight 

coefficients on optimization results, let𝜔1 take the 

values 1, 0.5, 0 and𝜔2take the values 0, 0.5, 1, form-

ing a total of 5 weight coefficient combinations 

(1,0), (1,0.5), (1,1), (0.5, 1), (0,1). The optimal train 

operation plan under different combinations is 

shown in Table 7, and the corresponding company 

operating cost and total passenger waiting time are 

shown in Figure 9. 

As shown in Figure 9, with the decrease of𝜔1and the 

increase of 𝜔2, the total waiting time of passengers 

is getting lower and the operating cost of companies 

is increasing. As the optimization objective becomes 

more focused on minimizing the total waiting time 

of passengers, the operating cost of companies is 

gradually neglected. To minimize passenger waiting 

time, more frequent service and selected routings 

ought to be considered, leading to an increase in the 

operating cost. 

From sensitivity analysis of multiple experiments on 

weight coefficient, it can be observed that the coef-

ficient combinations of (0,1) and (1,0) result in a sig-

nificant disparity between the two objectives. The 

optimization of this model aims for better coordina-

tion between the supply side and demand side, 

which is contradictory with considering only one ob-

jective evidently. When the coefficient combination 

changes from (1,0) to (1,0.5), the ratio of decrease in 

total waiting time of passengers to increase in oper-

ating costs of companies is the highest. This indi-

cates that the company can achieve a significant re-

duction in total passenger waiting time by increasing 

costs modestly, thus yielding the most optimal return 

on investment. For the supply side, this is undoubt-

edly the most cost-effective coefficient combina-

tion, which is suitable for scenarios with low de-

mand and moderate profitability levels in rail transit 

operations. 

 

Table 7. Optimal solution with different weight coefficients 

𝝎𝟏,𝝎𝟐 
Routing com-

binations 
Number of trains used Departure headway 

Departure time of the 

first train 

Value of objec-

tive function 

1, 0 1-4 𝑁1 = 6,𝑁4 = 6 
ℎ1 = 8,ℎ4 = 8 

𝑑1,1
1 = 8,𝑑4,1

1 = 8
 

12050 

1, 0.5 1-2 𝑁1 = 7,𝑁2 = 7 
ℎ1 = 7,ℎ2 = 7 

𝑑1,1
1 = 7,𝑑2,1

1 = 5
 

7221 

1, 1 1-2 𝑁1 = 7,𝑁2 = 7 ℎ1 = 7,ℎ2 = 7 𝑑1,1
1 = 7,𝑑2,1

1 = 4 7155 

0.5, 1 1-2 𝑁1 = 10,𝑁2 = 10 
ℎ1 = 5,ℎ2 = 5 

𝑑1,1
1 = 3,𝑑2,1

1 = 5
 

7292 

0, 1 1-2-3 
𝑁1 = 10,𝑁2 = 10 

𝑁3 = 10 

ℎ1 = 5,ℎ2 = 5,ℎ3 = 5 

𝑑1,1
1 = 3,𝑑2,1

1 = 5 

𝑑3,1
1 = 2

 

8815 

 

 
Fig. 9. Objective function with different weight coefficient combinations 
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However, if the company intends to enhance service 

quality further with increasing operational costs, the 

suitable coefficient combination will transition to 

(0.5,1). In this case, the company can still see returns 

on operating cost investment, although the return 

rate is not as high as transitioning from (1,0) to 

(1,0.5). Nevertheless, there is a noticeable compres-

sion effect on total waiting time of passengers, 

which can improve service quality effectively. This 

result is suitable for scenarios with high demand and 

optimistic profitability levels in rail transit opera-

tions. 

The coefficient combination of (0,1) is not recom-

mended because it increases operating costs signifi-

cantly with minimal effect on compressing total 

waiting time. This is not a reasonable business strat-

egy absolutely. 

 

5.3.2. Impact of penalty coefficient of transfer 

waiting time 

The difference in transfer waiting time will affect the 

passengers’ choice of path. Therefore, sensitivity 

analysis of penalty coefficient 𝛽 of transfer waiting 

time also ought to be carried out. To analyze the im-

pact of different penalty coefficients on passenger 

path selection, we examine the case where 𝛽 takes 

the values of 0, 0.2, 0.4, 0.6, 0.8 and 1. Specifically, 

we will focus on passengers with an origin-destina-

tion corresponding to 1-3 when the operation routing 

is 1-2-3 and the departure headway for each routing 

is 6 minutes. These passengers have two paths to 

choose. One is to take the direct train on routing 1 

and the other is to take the train on routing 2 to sta-

tion 2 and then transfer to the train on routing 3. The 

result of passenger path choice is shown in Figure 

10. 

With the increase of penalty coefficient, more pas-

sengers choose the direct path, while fewer passen-

gers choose the path with transfer. As penalty coef-

ficient increases, the waiting time for transfers per-

ceived by passengers increases. To ensure the speed 

and convenience of travel, passengers will avoid 

transfer and are willing to choose direct path. 

For potential transfer behavior that may occur, take 

Figure 1 as an example. For the fourth (green) type 

of passengers, no matter which path they choose, 

they must transfer. Therefore, they will take the first 

train that arrives at the origin station, and then take 

the first train on other routing after arriving at the 

transfer station. In the case of the fifth (purple) type 

of passengers, considering the up direction, if the 

first train arriving at the origin station is on routing 

3, they will choose to board that undoubtedly. This 

choice is made to minimize their waiting time at the 

origin station and eliminate the need for any addi-

tional waiting time during transfers. If the first train 

arriving at the origin station is on routing 1, they will 

make a choice. In this research, choice behavior of 

passengers is as follows. If the arrival time of the 

next train on routing 3 and the train on routing 1 ar-

riving at this time differs by less than or equal to a 

certain fixed value 𝜂 , considering the speed and 

comfort of travel, they choose to wait for the direct 

train on routing 3. If not, they board the train on rout-

ing 1, travel to the transfer station and then transfer 

to the train on routing 2. This choice is made to op-

timize the overall travel time by taking advantage of 

the available train timetable and transfer opportuni-

ties.
 

 
Fig. 10. The result of passenger path choice with different penalty coefficients for transfer 
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Figure 11 illustrates the scenario. In this case, the 

blue trains represent the direct trains on routing 3 

without transfer. The yellow train is the non-direct 

train on routing 1, needing to transfer before they 

reach their destination. When the passenger arrives 

at the station, the last direct train (train a) has de-

parted and the first train that arrived is a non-direct 

train on routing 1 (train b). In Figure 11(a), the arri-

val time gap between the next direct train (train d) 

and train b is 5 min. In Figure 11(b), the arrival time 

gap between the next direct train (train d) and train 

b is 3 min. If 𝜂 = 4𝑚𝑖𝑛, passenger in Figure 11(a) 

chooses to take train b, while passenger in Figure 

11(b) choose to take train d. 

 

6. Enumeration algorithm adapted to TRTP 

with network case study 

Combining with research scenario, it can be seen 

that TRTP needs to consider the compatibility of 

headways on different routing covering the same 

section, and not each station has turnaround facilities 

and equipment conditions. Therefore, a large num-

ber of infeasible solutions can be eliminated from 

the candidate set, reducing the solution space. To ad-

dress this, an enumeration algorithm adapted to 

TRTP is proposed. 

Based on the above content, the process of designed 

enumeration algorithm is as follows. 

Step1: Determine the set of alternative intersection. 

Step2: Determine the feasible train routing plan. 

Step2.1: Determine the departure headway of each 

routing under current train routing plan. 

Step2.1.1: Determine the departure time of the first 

train at initial station of each routing under the cur-

rent departure headway and train routing plan. 

Step2.1.2: Calculate the objective function value of 

feasible scheme and record it. 

Step2.1.3: Judge whether all the departure time of 

the first train at initial station of each routing under 

the current departure headway and train routing plan 

have been enumerated. If it is, turn to Step2.2. Else, 

turn to Step2.1.1. 

Step2.2: Judge whether all the departure headway of 

each routing under current train routing plan have 

been enumerated. If it is, turn to Step3. Else, turn to 

Step2.1. 

Step3: Judge whether all the feasible train routing 

plan have been enumerated. If it is, turn to Step4. 

Else, turn to Step2. 

Step4: Compare all the values of objective function 

of all feasible schemes. 

Step5: Output the set of optimal solution and end. 

To demonstrate the applicability of proposed opti-

mization model and enumeration algorithm, a case 

is tested on a railway network with a few lines. As 

shown in Figure 12, this railway network includes 

13 stations and passenger can transfer at stations 2 

and 5. Train operating time in each section has also 

included and train dwell time at stations is 2 min for 

each. There are 12 feasible routings in this case, and 

the specific operating path is detailed in Table 8. 

Figure 13 shows the passenger demand within each 

section of the railway network. Train operation pa-

rameters and other necessary parameters for resolu-

tion are provided in Table 9. 

In this case, to cover all the passenger demands from 

each station, there are a total of 13 feasible combi-

nation schemes of routings. The headway of trains 

on each routing should satisfy the compatibility ma-

trix mentioned in the previous section. Based on the 

proposed enumeration algorithm, the departure time 

of the first train from the initial station on each rout-

ing is determined sequentially, the objective func-

tion value can be computed, obtaining the optimiza-

tion result. 
 

station

train a

5 min

train b

train c

train d

train a

3 min

train b

train c

train d

(a)                                                                                                       (b)

direct train (on routing 3)

non-direct train (on routing 1)

 
Fig. 11. Schematic diagram of passenger path choice behavior 
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Table 8. Set of alternative routings of the network case 
Routing 

number 

Train operating 

path 

Routing 

number 
Train operating path 

Routing 

number 
Train operating path 

1 1-2-3-4-5 5 1-2-7-8-9-10-11-5 9 2-7-8-9-10-11-5 

2 1-2-3-4-5-6 6 1-2-7-8-9-10-11-5-12-13 10 2-7-8-9-10-11-5-6 

3 1-2-3-4-5-12-13 7 2-3-4-5-6 11 2-7-8-9-10-11-5-12-13 

4 1-2-7-8-9-10 8 2-3-4-5-12-13 12 10-11-5-12-13 
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11 min

7 min

4 min

7 min

 
Fig. 12. Schematic diagram of the network case 

Taking the weight coefficient combinations (1,1) 

represent (𝜔1, 𝜔2) by example, among all the alter-

native schemes, the combination of routing 2, rout-

ing 9 and routing 12 yields the optimal solution. In 

this scheme, the headway on routing 2 is 6 minutes 

with a total of 10 trains operated, while routing 9 and 

routing 12 both have a headway of 8 minutes with 8 

trains operated each. The value of objective function 

is 81576, with the company operating cost 44720 

CNY and total passenger waiting time 36856 min. 

The corresponding train routing and timetable is 

shown in Figure 14. From the result, it can be ob-

served that this solution caters to the significant pas-

senger demand between station 10 and station 5. 

Routing 2 and routing 9 both have interconnected 

operation at station 2 and station 5, thereby avoiding 

transfer for some passengers.

 

 
Fig. 13. Section passenger demand of the network case 

 

Table 9. Parameters of the network case. 
Parameters Value Parameters Value 

𝑇 60 min 𝜎
  

2 min 

ℎ𝑑 2 min 𝜂 2 min 

ℎ𝑚𝑖𝑛
𝑙

 2 min 𝑙𝑚𝑎𝑥 3 

ℎ𝑚𝑎𝑥
𝑙

 10 min 𝑒 5 min 

𝛼 40 min/person 𝜀 3 min/time 

𝛽 1 𝐶𝑙,𝑖 900 people/train 

𝛾 40 CNY / (train · min)   
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(a) Train routing plan 
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(b) Train timetable 

Station 1

Station 2

Station 3

Station 4

Station 5

Station 6

Station 7
Station 8

Station 9

Station 10

Station 11

Station 5

Station 12
Station 13

20 40 60 80 100 120

time/min

Routing 2 (1-2-3-4-5-6)

Routing 9 (2-7-8-9-10-11-5)

Routing 12 (10-11-5-12-13)
 

Fig. 14. Optimal solution of network case 

 

7. Real case study of TRTP 

7.1. Case description in practice 

In this research, Guangzhou Metro Line 3 is selected 

to verify the effectiveness of the proposed integrated 

optimization model of TRTP in practical cases. The 

schematic diagram of Guangzhou Metro Line 3 is 

shown in Figure 15. The main line starts from 

Tianhe Coach Teriminal station and ends at Panyu 

Square Station and the north extension section starts 

from Tiyu Xilu station and ends at Airport North sta-

tion. The total length of Line 3 is 64.41 km, with a 

total of 30 stations. 

The research period of this case is 8:00-9:00. The 

train dwell time at stations and the section operation 

time are obtained from the actual train diagram. 

Other parameter settings are shown in Table 10. 

The time-varying passenger demand data can be ob-

tained from the Automatic Fare Collection (AFC) 
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system of Guangzhou Metro, which is shown in Fig-

ure 16. 

In Guangzhou Metro Line 3, Panyu Square, Dashi, 

Tiyu Xilu, Tonghe, Airport North and Tianhe Coach 

Teriminal have turnaround facilities and equipment 

conditions. According to the enumeration algorithm 

and operation rule, there are 8 feasible train routing 

for Line 3, as shown in Table 11. 
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Fig. 15. Schematic diagram of Guangzhou Metro Line 3 
 

Table 10. Parameters of the case study 
Parameters Value Parameters Value 

𝑇 60 min 𝜎
  

1 min 

ℎ𝑑 2 min 𝜂 2 min 

ℎ𝑚𝑖𝑛
𝑙

 2 min 𝑙𝑚𝑎𝑥 3 

ℎ𝑚𝑎𝑥
𝑙

 8 min 𝑒 2 min 

𝛼 30 min/person 𝜀 0 min/time 

𝛽 1 𝐶𝑙,𝑖 1350 people/train 

𝛾 60 CNY / (train · min)   

 

 
Fig. 16. Section passenger demand of Guangzhou Metro Line 3 
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Table 11. Set of alternative routings of the case study 
Routing number Train operating path Routing number Train operating path 

1 Panyu Square -Tiyu Xilu 5 Dashi - Tonghe 

2 Panyu Square -Tonghe 6 Dashi - Airport North 

3 Panyu Square - Airport North 7 Dashi - Tianhe Coach Terminal 

4 Panyu Square - Tianhe Coach Terminal 8 Tiyu Xilu - Airport North 

7.2. Result of real case 

According to the enumeration algorithm proposed, 

Python is used to solve the integrated optimization 

model. The computer processor is Intel (R) core 

(TM) i3-8100 @ 3.60 GHz 3.60 GHz, and the 

memory is 8G. When solving multi-objective model, 

optimizing one objective usually leads to the degra-

dation of another. Obtaining only one specific result 

cannot achieve the purpose of multi-objective opti-

mization. Therefore, multiple optimal solutions can 

be obtained, consisting the Pareto optimal solution 

set. The corresponding Pareto optimal frontier is 

shown in Figure 17 and all the optimization schemes 

contained with the Pareto optimal solution set are 

shown in Table 12. 

The Pareto frontier demonstrates a clear relationship 

between company operating costs, total waiting time 

of passengers and the number of unserved passen-

gers. As company operating costs increase, there is 

a consistent decrease in the total waiting time of pas-

sengers. Simultaneously, the number of unserved 

passengers also shows a declining trend. 

This can be attributed to the increase in the number 

of trains and the corresponding decrease in train de-

parture headway. The greater number of trains al-

lows for more frequent departures, thereby reducing 

passenger waiting time. Additionally, the decrease 

in train departure headway optimizes train resource 

utilization, resulting in further reductions in passen-

ger waiting time. When decision makers pay special 

attention to the interests of company, they can 

choose Scheme 1. Scheme 20 may be chosen when 

decision makers place particular emphasis on pas-

senger interests. When the decision maker has no 

obvious subjective preference, other alternatives can 

be chosen. Considering large passenger demand in 

Guangzhou Metro Line 3, a weight coefficients 

combination (𝜔1, 𝜔2) of (0.5, 1) is suitable for this 

case with the sensitivity analysis of numerical exper-

iments. According to this combination, the optimal 

result is scheme 7 of Table 12. The corresponding 

train timetable is shown in Figure 18. 

 

 
Fig. 17. Schematic diagram of Pareto optimal solution set 
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Table 12. Optimization schemes and results of the integrated model 

Scheme 

number 

Rou-

ting 

combi-

nation 

Departure 

headway 

Departure time 

of the first train 

Com-

pany 

operating 

cost/CNY 

Total pas-

senger 

waiting 

time/ min 

Actual wait-

ing time of 

passengers/ 

min 

Number 

of unse-

rved pas-

sengers 

1 1-3-4 ℎ1 = 9,ℎ3 = 9,ℎ4 = 9 𝑑1,1
1 = 4,𝑑3,1

1 = 9,𝑑4,1
1 = 6 40530 175512 139872 1188 

2 1-3-4 ℎ1 = 9,ℎ3 = 9,ℎ4 = 9 𝑑1,1
1 = 4,𝑑3,1

1 = 6,𝑑4,1
1 = 9 41850 150136.5 139336.5 360 

3 1-4-6 ℎ1 = 8,ℎ4 = 8,ℎ6 = 8 𝑑1,1
1 = 4,𝑑4,1

1 = 8,𝑑6,1
1 = 6 42000 147835 125245 753 

4 1-4-8 ℎ1 = 6,ℎ4 = 6,ℎ8 = 8 𝑑1,1
1 = 6,𝑑4,1

1 = 3,𝑑8,1
1 = 8 44130 145210.5 127510.5 590 

5 1-3-4 ℎ1 = 8,ℎ3 = 8,ℎ4 = 8 𝑑1,1
1 = 4,𝑑3,1

1 = 8,𝑑4,1
1 = 6 44940 127246 113626 454 

6 1-3-4 ℎ1 = 8,ℎ3 = 8,ℎ4 = 8 𝑑1,1
1 = 8,𝑑3,1

1 = 4,𝑑4,1
1 = 2 48660 116199.5 116199.5 85 

7 3-4 ℎ3 = 6,ℎ4 = 6 𝑑3,1
1 = 6,𝑑4,1

1 = 3 49800 98413.5 94513.5 130 

8 4-8 ℎ4 = 3,ℎ8 = 6 𝑑4,1
1 = 3,𝑑8,1

1 = 4 55500 89230.5 84610.5 154 

9 4-8 ℎ4 = 3,ℎ8 = 5 𝑑4,1
1 = 3,𝑑8,1

1 = 3 59280 86866.5 82246.5 154 

10 3-4 ℎ3 = 5,ℎ4 = 5 𝑑3,1
1 = 5,𝑑4,1

1 = 3 59760 79446.5 78396.5 35 

11 1-4-8 ℎ1 = 4,ℎ4 = 4,ℎ8 = 6 𝑑1,1
1 = 2,𝑑4,1

1 = 4,𝑑8,1
1 = 5 65250 76973 74033 98 

12 2-4-8 ℎ2 = 5,ℎ4 = 5,ℎ8 = 5 𝑑2,1
1 = 5,𝑑4,1

1 = 2,𝑑8,1
1 = 3 66960 75065 72125 98 

13 1-4-8 ℎ1 = 4,ℎ4 = 4,ℎ8 = 5 𝑑1,1
1 = 2,𝑑4,1

1 = 4,𝑑8,1
1 = 4 69030 72084 69144 98 

14 4-8 ℎ4 = 2,ℎ8 = 6 𝑑4,1
1 = 2,𝑑8,1

1 = 5 73800 70513 67573 98 

15 4-8 ℎ4 = 3,ℎ8 = 3 𝑑4,1
1 = 3,𝑑8,1

1 = 1 74400 67993.5 63373.5 154 

16 3-4 ℎ3 = 4,ℎ4 = 4 𝑑3,1
1 = 2,𝑑4,1

1 = 4 74700 59343 58893 15 

17 4-8 ℎ4 = 2,ℎ8 = 4 𝑑4,1
1 = 2,𝑑8,1

1 = 3 83250 55773 52833 98 

18 4-8 ℎ4 = 2,ℎ8 = 3 𝑑4,1
1 = 2,𝑑8,1

1 = 2 92700 50875 47935 98 

19 1-4-8 ℎ1 = 4,ℎ4 = 4,ℎ8 = 2 𝑑1,1
1 = 2,𝑑4,1

1 = 4,𝑑8,1
1 = 1 103050 47613 44673 98 

20 4-8 ℎ4 = 2,ℎ8 = 2 𝑑4,1
1 = 2,𝑑8,1

1 = 1 111600 41153 38213 98 

In order to verify the optimization effect of this 

model, the staged optimization of TRTP and the 

only optimization of train timetable under the cur-

rent train routing plan are carried out respectively. 

The comparison is shown in Figure 19. Since the 

train routing scheme and departure frequency is 

given in the current train routing, only one optimal 

solution can be obtained when only the train timeta-

ble is optimized under the current routing plan. 

The dominant solution in optimal set is achieved 

through integrated optimization and staged optimi-

zation of TRTP. This indicates that compared to op-

timizing train timetable solely, both integrated opti-

mization and staged optimization can result in re-

ducing company operating cost and total waiting 

time of passengers. 

By comparing the Pareto front of integrated optimi-

zation and staged optimization, it can be found that 

the Pareto front of staged optimization is on the top 

right of the Pareto front of integrated optimization. 

In the Pareto optimal solution set of integrated opti-

mization, there are dominant solutions of Pareto op-

timal solution set of staged optimization. While in 

the Pareto optimal solution set of staged optimiza-

tion, there are no dominant solutions of Pareto opti-

mal solution set of integrated optimization. This 

shows that the result of integrated optimization is no 

worse than that of staged optimization in any case. 

It also shows that the integrated optimization model 

proposed in this research can reduce the company 

operating cost and the total waiting time of passen-

gers effectively. 
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Fig. 18. Optimized train timetable of scheme 7 for Guangzhou Metro Line 3 

 

 
Fig. 19. Comparison of optimization results in different ways 
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7.3. Sensitivity analysis 

7.3.1. Penalty time coefficient for unserved pas-

sengers 

In the model of TRTP, the penalty time coefficient 

𝛼 for unserved passengers reflects the importance of 

passenger served or not. In order to analyze the in-

fluence of the penalty coefficient 𝛼 on the optimiza-

tion results, the values of 𝛼 are set to 10, 20, 30, 40, 

and 50 respectively, and the Pareto frontier obtained 

is shown in Figure 20. 

As shown in Figure 20, as 𝛼  increases, the total 

waiting time of passengers generally increases, and 

the Pareto frontier changes. This is because when the 

value of 𝛼 increases, in order to avoid unserved pas-

sengers, TRTP will be adjusted accordingly, result-

ing in a change in the optimal solution set. There-

fore, the total waiting time of passengers is most sen-

sitive to the change of the penalty time coefficient 𝛼 

of unserved passengers, and company operating cost 

is slightly sensitive to 𝛼. 

 

7.3.2. Penalty coefficient for transfer waiting 

time 

The penalty coefficient 𝛽  of the transfer waiting 

time reflects the passenger’s care about the transfer. 

In order to analyze the influence of the penalty coef-

ficient 𝛽 on the optimization results, the values of 𝛽 

is set to 0, 0.5, 1, 1.5 and 2, respectively, and the 

obtained Pareto frontier is shown in Figure 21. 

As shown in Figure 21, an increase in the value of𝛽 

leads to a general increase in the total waiting time 

of passengers, while company operating cost may 

remain unchanged or exhibit slight changes. This re-

sults in a shift in the Pareto frontier. The reason be-

hind this observation is that as𝛽 increases, there is a 

greater emphasis on reducing passenger transfers 

and minimizing transfer waiting times. To achieve 

this, TRTP is adjusted accordingly, leading to 

changes in the optimal solution set. Therefore, the 

total waiting time of passengers is most sensitive to 

the change of the penalty coefficient 𝛽 for transfer 

waiting time, and company operating cost is slightly 

sensitive to 𝛽. 

 

7.3.3. Unit operation cost of company 

Changes in the unit operation cost of company will 

cause changes in the total operating cost, which will 

affect the decision-making of operators in turn. In 

order to analyze the impact of unit operation cost 𝛾 

on the optimization results, the values of 𝛾 is set to 

20, 40, 60, 80, and 100 respectively, and the ob-

tained Pareto frontier is shown in Figure 22. 

As shown in Figure 22, with the increase of 𝛾, the 

company operating cost increases, the total waiting 

time of passengers remains unchanged, and the Pa-

reto frontier simply shifts. When the value of 𝛾 in-

creases, it results in a proportional change in the op-

erating cost of all feasible solutions, while the total 

waiting time of passengers remains constant. Conse-

quently, the optimal solution set is not significantly 

affected by this increase. Therefore, the company 

operating cost is sensitive to the change of unit op-

eration cost, while the total waiting time of passen-

gers is not. 
 

 
Fig. 20. Optimization results with different values of penalty coefficient for unserved passengers 
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Fig. 21. Optimization results with different values of penalty coefficient for transfer 

 

 
Fig. 22. Optimization results with different unit operation cost of company. 

 

In summary, by comparing the optimization results 

of the proposed integrated optimization model of 

TRTP with results of the only optimizes train time-

table in current routing plan and the staged optimi-

zation, it can be found that the proposed integrated 

model can reduce company operation cost and total 

waiting time of passengers effectively. 

The sensitivity analysis reveals that the total waiting 

time of passengers is highly sensitive to the penalty 

time coefficient for unserved passengers and the 

penalty coefficient for transfer waiting time. 

Changes in these coefficients have a significant im-

pact on the total waiting time experienced by pas-

sengers. On the other hand, the unit operation cost 



Zhang, S., Li, D., Wang, Y., Wang, Y. 

Archives of Transport, 75(3), 41-71, 2025 

69 

 

 

 

of the company does not have a substantial effect on 

the total waiting time of passengers. 

In contrast, the company operating cost is most sen-

sitive to the unit operation cost of the company. Var-

iations in this cost parameter have a significant in-

fluence on the operating cost incurred by the com-

pany. Additionally, the company operating cost 

demonstrates a slight sensitivity to the penalty time 

coefficient for unserved passengers and the penalty 

coefficient for transfer waiting time. 

These findings indicate that different factors have 

varying degrees of impact on the total waiting time 

of passengers and company operating cost. By un-

derstanding these sensitivities, decision-makers can 

focus their efforts on optimizing the parameters that 

have the greatest influence on the desired outcome. 

 

8. Conclusion 

An optimal train operation plan can balance the ca-

pacity and passenger demand of rail transit, reducing 

operating costs. At the same time, it can adapt to the 

passenger demand better, reducing waiting time of 

passengers. This research proposes an integrated op-

timization model of TRTP, attempting to solve the 

train routing and timetabling with time-varying 

passenger demand. The model aims at minimizing 

the company operating cost and total waiting time of 

passengers, and considers the constraints of the 

number of trains, train operation, passenger board-

ing, transfer relationship and train capacity. The 

model is verified by CPLEX with numerical experi-

ment. The optimization results show that compared 

with staged optimization, the proposed integrated 

model is more effective. Thus it is necessary to inte-

grate both the strategic and tactical level in the pro-

cess of planning for urban rail transit network. Tak-

ing Guangzhou Metro Line 3 as an example, the in-

tegrated optimization model of TRTP is applied to a 

real case study, and the Pareto optimal solution set 

is obtained with proposed enumeration algorithm. 

The optimization results are obvious. In the future, 

other elements of the train operation plan (e.g. train 

stopping plan, train formation, etc.) can also be inte-

grated into this model, cooperating to optimize all 

aspects of train operation in rail transit network. 
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