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Abstract: 

The research object is a land robot designed to perform special tasks. One of the robot's elements is a six-wheeled 
platform with independent suspension. The platform allows the robot to move on land and overcome obstacles. Any 

equipment enabling the robot to perform planned tasks can be mounted on it. If the implementation of the mission 

requires the platform to move in uneven terrain, external forces are generated resulting from the platform's wheels 
overcoming uneven road surfaces. Disturbances occurring in the system may negatively affect the measuring and 

actuating devices mounted on the platform. Actuator devices may also cause additional excitations. This may lead to 

disruptions in the process of the land robot carrying out its intended work. The aim of the work is to analyse selected 
dynamics issues with particular emphasis on the modal analysis of the land robot platform and, on this basis, to check 

the correctness of its design. In order to carry out the tasks set, a physical and mathematical model of the platform 

was developed. The energy method was used to derive the analytical relationships, which requires the determination 
of the kinetic energy, the potential energy, the dissipative Rayleigh function and external non-potential forces. A modal 

analysis was carried out to determine the dynamic parameters of the system and its susceptibility to the generated 

excitations was determined. The considerations carried out allow for the design of a structure that improves comfort 
for the actuating devices. Thanks to the developed model, it is possible to select the values and distribution of system 

parameters in such a way as to exclude the phenomenon of beating and resonance. In the general case, the robot's 

basic motion is coupled to the disturbances generated in the system. That's why the considerations carried out in this 
paper are so important, which enable the development of robot platform dynamics that minimize the impacts on the 

robot's realized fundamental motion. 
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1. Introduction 

The work is devoted to the use of a mobile land robot 

to perform special tasks. Its undoubted advantage is 

the ability to perform missions in difficult, uneven 

terrain without having to expose people to danger re-

sulting from the tasks undertaken. Small dimensions 

enable transport by air and drop to the target area. 

This is particularly important if the work is to be per-

formed quickly in an inaccessible, unknown area. 

The mobility of a small robot and its autonomy is a 

very important factor for modern activities.  

The work discusses a robot that moves on land using 

a six-wheeled platform with independent suspen-

sion. An example is the universal DFRobot 6WD 

platform presented by BOTLAND, as in Figure 1 

(https://botland.com.pl/produkty-wycofane/6626-

dfrobot-6wd-6-kolowe-podwozie-robota-z-na-

pedem.html 2024.04). A tower equipped with the 

necessary executive devices is placed on the plat-

form. An example is the IBIS robot presented by 

PIAP, as in Figure 2 (https://www.antyter-

roryzm.com/robot-ibis-dla-kolejnych-placowek-

stazy-granicznej-w-polsce/ 2024.04). The robot can 

perform the developed mission autonomously or us-

ing remote control. 

The aim of the work is to present a model of the dy-

namics of a land robot platform intended to perform 

special tasks, and to present a methodology for de-

signing the robot in such a way that its structure, in-

ertia characteristics and the passive vibration isola-

tion used make it possible to reduce the excitations 

transmitted to the objects on the platform. 

The aim of the work is to present a model of the dy-

namics of a land robot platform intended to perform 

special tasks. The developed model allows for modal 

analysis and determination of the dynamic parame-

ters of the system. The obtained dynamic character-

istics make it possible to check the susceptibility of 

the structure to the generated excitations and to pre-

dict the occurrence of the beating phenomenon and 

operation in resonance. The considerations carried 

out allow for shaping the dynamic characteristics of 

the system, and thus designing a structure that im-

proves the comfort of the actuator devices. 

 

 

 
  

Fig. 1. The universal DFRobot 6WD platform pre-

sented by BOTLAND (https://bot-

land.com.pl/produkty-wycofane/6626-dfro-

bot-6wd-6-kolowe-podwozie-robota-z-na-

pedem.html 2024.04) 

Fig. 2. IBIS robot presented by PIAP 

(https://www.antyterroryzm.com/robot-ibis-

dla-kolejnych-placowek-stazy-granicznej-w-

polsce/ 2024.04) 

 

https://botland.com.pl/produkty-wycofane/6626-dfrobot-6wd-6-kolowe-podwozie-robota-z-napedem.html
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Achieving the set goal requires modelling the dy-

namics of the platform's movement, taking into ac-

count the physical phenomena accompanying the 

operation of the robot (Osiecki&Koruba, 2007), 

(Dziopa, 2008). The necessary physical model was 

formulated, and on its basis the equations of motion 

of the system were derived. Mathematical models 

were obtained using the variational method based on 

Lagrange equations of the second type. Having 

mathematical models, a modal analysis was per-

formed by determining the eigenvalues and the cor-

responding eigenvectors. Mathematical relation-

ships were also derived to determine the frequency 

and form of free vibrations. Computer programs 

have been developed that enable simulation of the 

system's motion and analysis of the response to the 

resulting disturbances. The article presents exem-

plary courses of variability of kinematic quantities 

characterizing the motion of the model for kinematic 

forcing with natural frequencies. The basic task of a 

land robot is to perform a planned mission. The con-

siderations carried out aim to determine the disturb-

ances generated in the system that affect the comfort 

of the robot's operation 

The land robot platform model is formulated in ac-

cordance with the principles of analytical mechan-

ics. The movement of the platform is considered in 

three-dimensional Euclidean space, in the gravita-

tional field and in the earth's atmosphere. Analytical 

relationships describe a discrete model of a system 

with a specific number of degrees of freedom. 

While developing the spatial model of the robot plat-

form, the following issues were identified and im-

plemented:  

1. Physical model(Dziopa, 2008), 

(Mitschke&Wallentowitz, 2007). 

1.1. Inertial elements 

1.1.1. The body is perfectly stiff 

1.2. Non-inertial elements 

1.2.1. Restitution elements 

1.2.2. Dissipative elements 

1.3. Cartesian orthogonal right-handed reference 

frames 

1.3.1. Galilean system 

1.3.2. Non-inertial coordinate systems 

1.3.3. Isometric transformations of coordinate 

systems 

1.4. Space 

1.4.1. Three-dimensional Euclidean space 

1.4.2. Homogeneous gravitational field 

1.4.3. Earth's atmosphere 

2. Mathematical model (Mitschke&Wallen-

towitz, 2007), (Misiak, 2017), (Hibbeler,2010), 

(Trojnacki, 2013), (Howle, 2017), (Gress, 

2019). 

2.1. Kinematic relationships 

2.1.1. Location of inertial elements 

2.1.2. Deformation of restoration elements 

2.1.3. Static displacements 

2.1.4. Speed of inertial elements 

2.1.5. The speed of displacement of dissipative 

elements 

2.2. Energy 

2.2.1. Kinetic 

2.2.2. Potential 

2.2.2.1. Resilience 

2.2.2.2. Gravitational force fields 

2.3. Non-potential forces 

2.3.1. Dissipative Rayleigh function 

2.4. Equations of motion of the system 

2.4.1. Energy method 

2.5. Parameters described by functions 

Including construction details in the platform model 

is related to the effectiveness of numerical calcula-

tions and substantive necessity assessed in terms of 

dynamic phenomena. The considered system was re-

duced to a structural model with a discrete structure, 

which describes phenomena of the nature of me-

chanical interactions. The overall motion of the plat-

form is treated as a composite of the basic motion 

and the basic motion disturbances. The work consid-

ers issues arising from the system's response to the 

generated excitations. 

 

2. Literature review 

In recent years, humans have increasingly been re-

placed by unmanned land robots in performing var-

ious dangerous tasks. They replace humans not only 

in dangerous military missions but, above all, have 

wide civilian applications in medical rescue, mining, 

firefighting and so on (Zhang et al., 2021; Ahmed et 

al., 2020; Shuai et al., 2019; D'Urso et al., 2018; 

Kayacan et al., 2016).Having robots that can replace 

people in carrying out particularly dangerous tasks 

allows for carrying out particularly dangerous mis-

sions (Typiak, 2007), (Jarzębowska, 2021), (Spong, 

2008). 

Based on the way they move, unmanned land robots 

can be divided into three types: wheeled unmanned 

robots, tracked unmanned robots and legged 
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unmanned robots. Unmanned wheeled robots are the 

most common (Khan et al., 2020). They have the ad-

vantage of relatively low energy consumption. Cir-

cular land robots include off-road wheeled robots. 

Their advantage is the ability to maneuver in diffi-

cult terrain. The most popular steering system for 

wheeled terrain robots is one based on the difference 

in speed of the outer and inner wheels. The lack of a 

classic steering system is very advantageous, as it 

reduces their weight. Research on steering systems 

for wheeled terrain robots has been conducted by 

(Gupta et al., 2017), (Dogru and Marques, 2019), 

(Pentzer et al., 2016), (Pace et al., 2017), (Ordonez 

et al., 2017). Steering these robots, however, is ham-

pered by a complex suspension design. 

The essential (basic) components of the design of 

wheeled land robots include the frame, the drive sys-

tem, the wheels and suspension, the control and 

guidance system, the communication system, and 

the sensor system that ensures smooth control.  The 

design of the frame depends, among other things, on 

the number of wheels and motors used in the robot 

(Krishnamurthy, 2008). The effect of the weight of 

the robot frame on energy consumption was dealt 

with by (Goris, 2005). The drive systems of wheeled 

field robots were analyzed by (Siciliano and Khatib, 

2008; Shuang et al., 2007). From the point of view 

of the drive system and suspension, the size of the 

wheels, the elastic and damping properties of the 

wheels and the type of tread are very important. In 

off-road robots, wheels with larger sizes are pre-

ferred (Moreland et al., 2012; Skonieczny et al., 

2012).  

A review of the literature shows that in most cases 

simulation studies are conducted for dynamic mod-

els developed for well-defined assumptions. Many 

times these are models with only three degrees of 

freedom. Such limitations make the models very 

sensitive to perturbations from, for example, varying 

field (environmental) conditions as demonstrated in 

this article. 

The motion of a robot is a motion composed of fun-

damental motion and disturbances to the fundamen-

tal motion. Forces generated in the robot's system 

can negatively affect its progressive motion. There-

fore, the possibility of shaping the robot's dynamic 

characteristics makes it possible to provide comfort 

to the driving system, the progressive motion control 

system, the drive system, the guidance system and 

the detector and actuator system (Khan et al., 2020; 

Mitschke&Wallentowitz, 2007; Klockiewicz 

Zbyszko, Ślaski Grzegorz 2023, 2024). 

The topics of the learned works focus on issues re-

lated to fundamental motion, that is, mainly on prob-

lems related to the implementation of progressive 

motion (Tang, S., Yuan, S., Li, X., Zhou, J. 

2020;Mokhiamar, O., Amine, S. (2017);Alghanim, 

M.N., Valavanis, K.P., Rutherford, M.J. 2019), sta-

bility and controllability of the autonomous robot 

(Kang, J., Kim, W., Lee, J., Yi, K. 2010; Goodin, C., 

et al. 2017;Rivera ZB, De Simone MC, Guida D. 

2019).  

The actual motion of the robot takes place on the 

surface, in the gravitational field and in the atmos-

phere of the earth. It can be treated as complex mo-

tion, on which kinematic constraints are imposed, 

and analyzed in Cartesian coordinate systems. 

Forces generated in the robot's system can nega-

tively affect both its progressive motion and the ob-

jects on the platform under study. The ability to 

shape the robot's dynamic characteristics makes it 

possible to provide comfort and safety for the run-

ning system, the progressive motion control system, 

the drive system, the guidance system and the sys-

tem of detectors and actuators. 

There is a lack of information in the literature on the 

formation of dynamic characteristics of wheeled 

land robot platforms. Studying the literature in the 

area of autonomous land robots, no works were 

found that covered the issues addressed in this paper. 

It seems to fill the gap that exists in previous re-

search. The primary objective of the analysis carried 

out was to develop a methodology for designing the 

robot in such a way that its structure, inertia charac-

teristics and the passive vibration isolation used 

would enable the reduction of the excitations trans-

mitted to objects on the platform. Using the consid-

erations carried out, the robot can be designed in 

such a way as to eliminate the need for an active dis-

turbance control system 

 

3. Physical model of the robot 

Figure 3 shows the developed physical model of 

a mobile land robot intended to perform special 

tasks. The robot consists of a six-wheeled plat-

form with independent suspension on which ac-

tuating devices are mounted. 

The platform model was assumed in the form of one 

mass and six deformable elements, as in Figure 3. 

The platform is a perfectly rigid body with mass 𝑚 
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and moments of inertia 𝐼𝑥,𝐼𝑧. The platform chassis 

was modeled as six wheels with independent sus-

pension. The radial compliance characteristics of the 

tires and their suspension were adopted in the form 

of linear Kelvin-Voigt models. In order to parame-

terize the weightless restorative and dissipative ele-

ments of the rheological models, the following stiff-

ness and damping coefficients were determined: 𝑘11 

and 𝑐11 and 𝑘12 and 𝑐12 describe suspensions 1 and 

2, 𝑘13 and 𝑐13 and 𝑘14 and 𝑐14 describe suspensions 

3 and 4, 𝑘15  and 𝑐15  and 𝑘16  and 𝑐16  describe sus-

pensions 5 and 6. Geometric characteristics of the 

platform including parameters necessary to perform 

the analysis the dynamics of the robot is shown in 

Figure 3. 

 

 
Fig. 3. Physical model of a mobile land robot 
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The actuators are placed on the platform, modeled 

as one mass and four deformable elements, as in Fig-

ure 3. The actuators are a perfectly rigid body with 

mass 𝑚𝑐𝑜  and the main central moments of inertia 

𝐼𝜉𝑐𝑜 , 𝐼𝜂𝑐𝑜 , 𝐼𝜁𝑐𝑜. The characteristics of the flexibility 

of mounting the actuators on the platform were 

adopted in the form of linear Kelvin-Voigt models. 

In order to parameterize the weightless restorative 

and dissipative elements of the rheological models, 

the following stiffness and damping coefficients 

were determined: 𝑘𝑤11  and 𝑐𝑤11  with 𝑘𝑤12  and 

𝑐𝑤12 describe the mounting 1 and 2, 𝑘𝑤13 and 𝑐𝑤13 

with 𝑘𝑤14 and 𝑐𝑤14 describe mounting 3 and 4. The 

geometric characteristics of the actuating devices, 

including the parameters necessary to analyze the 

dynamics of the robot, are shown in Figure 3. 

The mounted actuators are equipped with a system 

that can rotate relative to the platform while per-

forming the task, as in Figure 2. This system is a per-

fectly rigid body with mass 𝑚𝑝𝑟 and the main cen-

tral moments of inertia 𝐼𝜉𝑝𝑟  , 𝐼𝜂𝑝𝑟 , 𝐼𝜁𝑝𝑟.. 

Actuating devices are a time-varying system. The 

change over time concerns the inertia characteristics 

of the actuating devices. It depends on the current 

position of the elements of this system relative to the 

platform. This applies to relative movements chang-

ing the azimuth angle 𝜓𝑤𝑝 and elevation angle 𝜗𝑤𝑝. 

The parameters characterizing the actuating devices 

are their mass 𝑚𝑤  and moments of inertia 𝐼𝑤𝑥 ,𝐼𝑤𝑧 

and the deviation moment 𝐼𝑤𝑥𝑧. The inertial param-

eters of the actuating devices are described by the 

following relationships: 

 
𝑚𝑤 = 𝑚𝑐𝑜 + 𝑚𝑝𝑟 , 

𝐼𝑤𝑥 = (𝐼𝜉𝑐𝑜 + 𝐼𝜉𝑝𝑟𝑐𝑜𝑠2𝜗𝑤𝑝 + 𝐼𝜂𝑝𝑟𝑠𝑖𝑛2𝜗𝑤𝑝)𝑐𝑜𝑠2𝜓𝑤𝑝

+ (𝐼𝜁𝑐𝑜 + 𝐼𝜁𝑝𝑟)𝑠𝑖𝑛2𝜓𝑤𝑝, 

𝐼𝑤𝑧 = (𝐼𝜉𝑐𝑜 + 𝐼𝜉𝑝𝑟𝑐𝑜𝑠2𝜗𝑤𝑝 + 𝐼𝜂𝑝𝑟𝑠𝑖𝑛2𝜗𝑤𝑝)𝑠𝑖𝑛2𝜓𝑤𝑝

+ (𝐼𝜁𝑐𝑜 + 𝐼𝜁𝑝𝑟)𝑐𝑜𝑠2𝜓𝑤𝑝, 

𝐼𝑤𝑥𝑧 = (𝐼𝜉𝑐𝑜 + 𝐼𝜉𝑝𝑟𝑐𝑜𝑠2𝜗𝑤𝑝 + 𝐼𝜂𝑝𝑟𝑠𝑖𝑛2𝜗𝑤𝑝 − 𝐼𝜁𝑐𝑜

− 𝐼𝜁𝑝𝑟). 

(1) 

 

The positions of the platform body at any moment 

of time are determined in Cartesian orthogonal right-

handed coordinate systems. The referencesystem-

sare the followingcoordinatesystems: 

a) Earth coordinate system: 

In the case of the mobile land robot under con-

sideration, it can be assumed that the system 

connected to the earth is a Galilean system.  

0𝑔𝑥𝑦𝑧  - is an inertial, stationary coordinate 

system related to the road surface. The 0𝑔𝑥 and 

0𝑔𝑦 axes lie in the plane of the road surface, 

and the 0𝑔𝑦 axis points upwards. 

b) Coordinate systems defining the movement of 

the platform:  

− 0𝑥𝑦𝑧 - is a coordinate system moving in basic 

motion relative to the earth-related coordinate 

system 0𝑔𝑥𝑦𝑧. The condition of parallelism of 

the corresponding axes osi0𝑥 || 0𝑔𝑥, 0𝑦 || 0𝑔𝑦 

and 0𝑧 || 0𝑔𝑧 is always met. In the adopted 

model, the basic motion is reduced to a straight-

line uniform motion taking place along the 0𝑥 

axis. If the robot moves without any disturb-

ances in its basic motion, at every moment of 

time point 0 coincides with the center of mass 

of the platform. 

− 𝑆𝑥𝑦𝑧 - is a coordinate system that moves, in 

general, in a translational motion relative to the 

0𝑥𝑦𝑧 coordinate system. The origin of the co-

ordinate system S at every moment of time co-

incides with the center of mass of the platform. 

The condition of parallelism of the correspond-

ing axes 𝑆𝑥 || 0𝑥 , 𝑆𝑦 || 0𝑦𝑎𝑛𝑑𝑆𝑧 || 0𝑧  is al-

ways met. Under the influence of disturbances 

in the basic motion, the center of mass of the 

body 𝑆 moves along the 0𝑦 axis, which means 

that in the adopted model the progressive mo-

tion is reduced to a straight-line motion. 

− 𝑆𝜉𝜂𝜁 - is a coordinate system moving, in the 

general case, in a spherical motion relative to 

the 𝑆𝑥𝑦𝑧. coordinate system. The axes 𝑆𝜉, 𝑆𝜂 

and 𝑆𝜁 are rigidly connected to the body of the 

platform in such a way that they are its main 

central axes of inertia. In the general case 

𝑑11 ≠ 𝑑12  , 𝑑21 ≠ 𝑑22  and 𝑑31 ≠ 𝑑32 . Under 

the influence of disturbances in the basic mo-

tion, the body of the platform rotates around the 

𝑆𝑧 axis in accordance with the change in the tilt 

angle 𝜗 and around the 𝑆𝑥 axis in accordance 

with the change in the tilt angle 𝜑, which means 

that in the adopted model the spherical motion 

is reduced to two revolutions. 

If the robot moves without any disturbances in its 

basic motion, the coordinate systems 0𝑥𝑦𝑧 , 𝑆𝑥𝑦𝑧 

and 𝑆𝜉𝜂𝜁 coincide with each other at every moment 

of time. The platform model, as an element of the 

spatial oscillating system, performs a complex 

movement relative to the 0𝑥𝑦𝑧  reference system, 
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consisting of a rectilinear movement of the center of 

mass 𝑆 in accordance with the change in the 𝑦 coor-

dinate, a rotational movement around the 𝑆𝑧 axis in 

accordance with a change in the inclination angle 𝜗, 

and a rotational movement around the 𝑆𝑥 axis in ac-

cordance with the change in angle tilt 𝜑. 

The number of degrees of freedom resulting from 

the formulated structure of the platform model de-

scribing the disturbances of basic motion in space is 

three.  

Three independent generalized coordinates were 

adopted to determine the position of the platform at 

any moment of time:  

− 𝑦  – vertical displacement of the S  platform's 

center of mass. 

− 𝜑 – rotation angle of the platform around the Sx 

axis. 

− 𝜗 – rotation angle of the platform around the Sz 

axis. 

 

4. Excitation from the road surface 

While carrying out the planned task, the robot can 

stop or continue moving along the developed trajec-

tory. In the first case, the system is in a static equi-

librium position. The disturbances that arise are the 

result of the operation of executive devices. In the 

second case, the system is subjected to external 

forces resulting from the wheels of the platform 

overcoming uneven terrain on the road. Also, the 

change of acceleration as a function of time and the 

implementation of a curvilinear trajectory may result 

in additional forces acting on the system. The gener-

ated disturbances may negatively affect the imple-

mentation of the intended mission by the land robot.  

When developing the platform model, it was as-

sumed that the radial uniformity of tire stiffness and 

the balance of the wheels constituting part of the 

running gear were maintained. An important source 

of forces acting on the system is the characteristics 

of the path along which the robot moves. The dis-

turbances that arise are the result of the interaction 

of the tire with the road surface. When modelling 

this phenomenon, the radial deformability of the 

tires was taken into account and enforcement in the 

form of kinematic relationships determined by the 

course of vertical displacements of the contact be-

tween the wheel and the road surface was assumed. 

Therefore, the forcing adopted in the considerations 

is a determined model of the input signals. Four 

forms of forcing can be used to perform a 

comprehensive analysis of the dynamic properties of 

the system. 

The first form is a perfectly smooth path, i.e. there is 

no external forcing on the system. Such a model 

makes it possible to check whether the robot can per-

form the planned work under ideal conditions and at 

what speed of the platform the safety conditions and 

technical limitations of the actuating devices are ex-

ceeded. A positive answer suggests the need to 

check the system's behaviour in less favourable con-

ditions. The limiting forward speed determined in 

this way is a measure of the extreme capabilities of 

the robot in ideally created conditions and is a refer-

ence point for further research.  

Mathematical model of forcing: 

 

𝑦01 = 0 𝑦02 = 0 𝑦03 = 0 𝑦04 = 0 𝑦05 = 0  
𝑦06 = 0 

 

�̇�01 = 0 �̇�02 = 0 �̇�03 = 0 �̇�04 = 0 �̇�05 = 0 
�̇�06 = 0 

 

 

The robot performs basic movement: 

 

𝑠 = 𝑣𝑡  

 

The second form is a harmonic excitation with a 

given amplitude and frequency equal to the natural 

frequency of the system. Such a model allows 

checking the system's response to resonance opera-

tion and determining the limit value of the excitation 

amplitude at which unfavorable excitation occurs.  

Mathematical model of forcing: 

 

𝑦01 = 𝐴1𝑠𝑖𝑛(𝜔1 + 𝛼1) 

�̇�01 = 𝐴1𝜔1𝑐𝑜𝑠(𝜔1 + 𝛼1) 

𝑦02 = 𝐴2𝑠𝑖𝑛(𝜔2 + 𝛼2) 

�̇�02 = 𝐴2𝜔2𝑐𝑜𝑠(𝜔2 + 𝛼2) 

𝑦03 = 𝐴3𝑠𝑖𝑛(𝜔3 + 𝛼3) 

�̇�03 = 𝐴3𝜔3𝑐𝑜𝑠(𝜔3 + 𝛼3) 

𝑦04 = 𝐴4𝑠𝑖𝑛(𝜔4 + 𝛼4) 

�̇�04 = 𝐴4𝜔4𝑐𝑜𝑠(𝜔4 + 𝛼4) 

𝑦05 = 𝐴5𝑠𝑖𝑛(𝜔5 + 𝛼5) 

�̇�05 = 𝐴5𝜔5𝑐𝑜𝑠(𝜔5 + 𝛼5) 

𝑦06 = 𝐴6𝑠𝑖𝑛(𝜔6 + 𝛼6) 

�̇�06 = 𝐴6𝜔6𝑐𝑜𝑠(𝜔6 + 𝛼6) 

(2) 

 

The robot does not perform basic movement:  

 

𝑣 = 0 
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This work presents the system's responses to excita-

tion adopted as a determined model of input signals 

in the form of harmonic functions.  

 

5. Mathematical model of the platform 

Platform motion equations in summation form:  

 

𝑚�̈� + 𝑐𝑦𝑦�̇� + 𝑐𝑦𝜗�̇� + 𝑐𝑦𝜑�̇� 

       +𝑘𝑦𝑦(𝑦 + 𝑦𝑠𝑡) + 𝑘𝑦𝜗(𝜗 + 𝜗𝑠𝑡)

+ 𝑘𝑦𝜑(𝜑 + 𝜑𝑠𝑡) + 𝑚𝑔 = 

            𝑐11�̇�01 + 𝑐12�̇�02 + 𝑐13�̇�03 + 𝑐14�̇�04

+ 𝑐15�̇�05 + 𝑐16�̇�06 
       + 𝑘11𝑦01 + 𝑘12𝑦02 + 𝑘13𝑦03 + 𝑘14𝑦04

+ 𝑘15𝑦05 + 𝑘16𝑦06 

 

𝐼𝑧�̈� + 𝑐𝜗𝑦�̇� + 𝑐𝜗𝜗�̇� + 𝑐𝜗𝜑�̇� 

       +𝑘𝜗𝑦(𝑦 + 𝑦𝑠𝑡) + 𝑘𝜗𝜗(𝜗 + 𝜗𝑠𝑡)

+ 𝑘𝜗𝜑(𝜑 + 𝜑𝑠𝑡) = 

           𝐿1(𝑐11�̇�01 + 𝑐12�̇�02)
− 𝐿2(𝑐13�̇�03 + 𝑐14�̇�04)
− 𝐿3(𝑐15�̇�05 + 𝑐16�̇�06) 

+𝐿1(𝑘11𝑦01 + 𝑘12𝑦02) − 𝐿2(𝑘13𝑦03 + 𝑘14𝑦04)
− 𝐿3(𝑘15𝑦05 + 𝑘16𝑦06) 

 

𝐼𝑥�̈� + 𝑐𝜑𝑦�̇� + 𝑐𝜑𝜗�̇� + 𝑐𝜑𝜑�̇� 

        +𝑘𝜑𝑦(𝑦 + 𝑦𝑠𝑡) + 𝑘𝜑𝜗(𝜗 + 𝜗𝑠𝑡)

+ 𝑘𝜑𝜑(𝜑 + 𝜑𝑠𝑡) = 

       −𝑐11𝑑11�̇�01 + 𝑐12𝑑12�̇�02 − 𝑐13𝑑21�̇�03

+ 𝑐14𝑑22�̇�04 − 𝑐15𝑑31�̇�05

+ 𝑐16𝑑32�̇�06 
       −𝑘11𝑑11𝑦01 + 𝑘12𝑑12𝑦02 − 𝑘13𝑑21𝑦03

+ 𝑘14𝑑22𝑦04 − 𝑘15𝑑31𝑦05

+ 𝑘16𝑑32𝑦06 

 

(3) 

The forcing has a kinematic form determined by the 

course of vertical displacements of the wheel contact 

with the road surface.  

where: 

Equivalent damping tensor: 

 

𝑐 = [

𝑐𝑦𝑦 𝑐𝑦𝜗 𝑐𝑦𝜑

𝑐𝜗𝑦 𝑐𝜗𝜗 𝑐𝜗𝜑

𝑐𝜑𝑦 𝑐𝜑𝜗 𝑐𝜑𝜑

] 

 

𝑐𝑦𝑦 = 𝑐11 + 𝑐12 + 𝑐13 + 𝑐14 + 𝑐15 + 𝑐16 

𝑐𝑦𝜗 = 𝐿1(𝑐11 + 𝑐12) − 𝐿2(𝑐13 + 𝑐14)

− 𝐿3(𝑐15 + 𝑐16) 

(4) 

𝑐𝑦𝜑 = −𝑐11𝑑11 + 𝑐12𝑑12 − 𝑐13𝑑21 + 𝑐14𝑑22

− 𝑐15𝑑31 + 𝑐16𝑑32 

𝑐𝜗𝑦 = 𝐿1(𝑐11 + 𝑐12) − 𝐿2(𝑐13 + 𝑐14)

− 𝐿3(𝑐15 + 𝑐16) 

𝑐𝜗𝜗 = 𝐿1
2(𝑐11 + 𝑐12) − 𝐿2

2(𝑐13 + 𝑐14)

− 𝐿3
2(𝑐15 + 𝑐16) 

𝑐𝜗𝜑 = 𝐿1(𝑐12𝑑12 − 𝑐11𝑑11)

+ 𝐿2(𝑐13𝑑21 − 𝑐14𝑑22)
+ 𝐿3(𝑐15𝑑31 − 𝑐16𝑑32) 

 

𝑐𝜑𝑦 = −𝑐11𝑑11 + 𝑐12𝑑12 − 𝑐13𝑑21 + 𝑐14𝑑22

− 𝑐15𝑑31 + 𝑐16𝑑32 

𝑐𝜑𝜗 = 𝐿1(𝑐12𝑑12 − 𝑐11𝑑11)

+ 𝐿2(𝑐13𝑑21 − 𝑐14𝑑22)
+ 𝐿3(𝑐15𝑑31 − 𝑐16𝑑32) 

𝑐𝜑𝜑 = 𝑐11𝑑11
2 + 𝑐12𝑑12

2 + 𝑐13𝑑21
2 + 𝑐14𝑑22

2

+ 𝑐15𝑑31
2 + 𝑐16𝑑32

2  

 

Equivalent stiffness tensor: 

 

𝑘 = [

𝑘𝑦𝑦 𝑘𝑦𝜗 𝑘𝑦𝜑

𝑘𝜗𝑦 𝑘𝜗𝜗 𝑘𝜗𝜑

𝑘𝜑𝑦 𝑘𝜑𝜗 𝑘𝜑𝜑

] 

 

𝑘𝑦𝑦 = 𝑘11 + 𝑘12 + 𝑘13 + 𝑘14 + 𝑘15 + 𝑘16 

𝑘𝑦𝜗 = 𝐿1(𝑘11 + 𝑘12) − 𝐿2(𝑘13 + 𝑘14)

− 𝐿3(𝑘15 + 𝑘16) 

𝑘𝑦𝜑 = −𝑘11𝑑11 + 𝑘12𝑑12 − 𝑘13𝑑21 + 𝑘14𝑑22

− 𝑘15𝑑31 + 𝑘16𝑑32 

 

𝑘𝜗𝑦 = 𝐿1(𝑘11 + 𝑘12) − 𝐿2(𝑘13 + 𝑘14)

− 𝐿3(𝑘15 + 𝑘16) 

𝑘𝜗𝜗 = 𝐿1
2(𝑘11 + 𝑘12) − 𝐿2

2(𝑘13 + 𝑘14)

− 𝐿3
2(𝑘15 + 𝑘16) 

𝑘𝜗𝜑 = 𝐿1(𝑘12𝑑12 − 𝑘11𝑑11)

+ 𝐿2(𝑘13𝑑21 − 𝑘14𝑑22)
+ 𝐿3(𝑘15𝑑31 − 𝑘16𝑑32) 

 

𝑘𝜑𝑦 = −𝑘11𝑑11 + 𝑘12𝑑12 − 𝑘13𝑑21 + 𝑘14𝑑22

− 𝑘15𝑑31 + 𝑘16𝑑32 

𝑘𝜑𝜗 = 𝐿1(𝑘12𝑑12 − 𝑘11𝑑11)

+ 𝐿2(𝑘13𝑑21 − 𝑘14𝑑22)
+ 𝐿3(𝑘15𝑑31 − 𝑘16𝑑32) 

𝑘𝜑𝜑 = 𝑘11𝑑11
2 + 𝑘12𝑑12

2 + 𝑘13𝑑21
2 + 𝑘14𝑑22

2

+ 𝑘15𝑑31
2 + 𝑘16𝑑32

2  

(5) 
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Platform equilibrium equations in summative form: 
 

𝑘𝑦𝑦𝑦𝑠𝑡 + 𝑘𝑦𝜗𝜗𝑠𝑡 + 𝑘𝑦𝜑𝜑𝑠𝑡 + 𝑚𝑔 = 0 

𝑘𝜗𝑦𝑦𝑠𝑡 + 𝑘𝜗𝜗𝜗𝑠𝑡 + 𝑘𝜗𝜑𝜑𝑠𝑡 = 0 

𝑘𝜑𝑦𝑦𝑠𝑡 + 𝑘𝜑𝜗𝜗𝑠𝑡 + 𝑘𝜑𝜑𝜑𝑠𝑡 = 0 

(6) 

 

6. Platform model analysis 

6.1. Analysis I 

In order to perform modal analysis I, we reduce the 

mathematical model of the platform to a conserva-

tive and autonomous system.  

Eigenvalues 

We solve the generalized eigenproblem and, based 

on the characteristic determinant, derive an age 

(biquadratic) equation. 
 

𝑏3𝜔0
6 + 𝑏2𝜔0

4 + 𝑏1𝜔0
2 + 𝑏0 = 0 (7) 

 

where: 
 

𝑏0 = 𝑘𝑦𝑦(𝑘𝜗𝜗𝑘𝜑𝜑 − 𝑘𝜗𝜑𝑘𝜑𝜗)

+ 𝑘𝑦𝜗(𝑘𝜑𝑦𝑘𝜗𝜑 − 𝑘𝜑𝜑𝑘𝜗𝑦)

+ 𝑘𝑦𝜑(𝑘𝜗𝑦𝑘𝜑𝜗 − 𝑘𝜗𝜗𝑘𝜑𝑦) 

𝑏1 = 𝑚(𝑘𝜗𝜗𝑘𝜑𝜑 − 𝑘𝜗𝜑𝑘𝜑𝜗)

+ 𝐼𝑥(𝑘𝑦𝑦𝑘𝜗𝜗 − 𝑘𝑦𝜗𝑘𝜗𝑦)

+ 𝐼𝑧(𝑘𝑦𝑦𝑘𝜑𝜑 − 𝑘𝑦𝜑𝑘𝜑𝑦) 

𝑏2 = 𝑚𝐼𝑥𝑘𝜗𝜗 + 𝑚𝐼𝑧𝑘𝜑𝜑 + 𝐼𝑥𝐼𝑧𝑘𝑦𝑦  

𝑏3 = 𝑚𝐼𝑥𝐼𝑧 
 

From the age equation, we determine the 

eigenvalues of the system, which are the dynamic 

characteristics of the platform. Their distribution 

depends on the values of the system parameters. The 

imaginary roots of the characteristic equation are 

conjugate in pairs.  

 

𝑟𝑗 = ±𝑖𝜔0𝑗  (8) 
 

Where: 
 

𝑗 = 1,2,3 

𝑟𝑗1 =    𝑖𝜔0𝑗  

𝑟𝑗2 = −𝑖𝜔0𝑗  

 

Eigenvectors 

In order to determine the eigenvectors of the system 

for the determined natural frequencies, we formulate 

special integrals and substitute them into differential 

equations. After transformations, we obtain two 

algebraic equations for each frequency, from which 

we determine the values of the coefficients of the 

distribution of natural vibration amplitudes.  

The special integrals of differential equations 

forming two complex vectors rotating in opposite 

directions and formulated for the frequency 𝜔0𝑗  

have the form: 
 

𝑦𝑗 =
1

2
𝐴1𝑗𝑒𝑖(𝜔0𝑗𝑡+𝛼𝑗) +

1

2
𝐴1𝑗𝑒−𝑖(𝜔0𝑗𝑡+𝛼𝑗) 

𝜗𝑗 =
1

2
𝐴2𝑗𝑒𝑖(𝜔0𝑗𝑡+𝛼𝑗) +

1

2
𝐴2𝑗𝑒−𝑖(𝜔0𝑗𝑡+𝛼𝑗) 

𝜑𝑗 =
1

2
𝐴2𝑗𝑒𝑖(𝜔0𝑗𝑡+𝛼𝑗) +

1

2
𝐴2𝑗𝑒−𝑖(𝜔0𝑗𝑡+𝛼𝑗) 

(9) 

 

Algebraic equations from which we determine the 

coefficients of the distribution of natural vibration 

amplitudes.  
 

(𝑘𝑦𝑦 − 𝑚𝜔01
2 )𝜇1𝑗 + 𝑘𝑦𝜗𝜇2𝑗 + 𝑘𝑦𝜑𝜇3𝑗 = 0 

𝑘𝜑𝑦𝜇1𝑗 + 𝑘𝜑𝜗𝜇2𝑗 + (𝑘𝜑𝜑 − 𝐼𝑥𝜔01
2 )𝜇3𝑗 = 0 

(10) 

 

where: 
 

𝜇1𝑗 =
𝐴1𝑗

𝐴1𝑗
= 1 

𝜇2𝑗 =
𝐴2𝑗

𝐴1𝑗
, 

𝜇3𝑗 =
𝐴3𝑗

𝐴1𝑗
 

  

From algebraic equations we determine the 

eigenvectors of the system, which are the dynamic 

characteristics of the platform. Their distribution 

depends on the values of the system parameters and 

its structure.  

 

6.2. Analysis II 

In order to perform modal analysis II, we reduce the 

mathematical model of the platform to a non-

conservative and autonomous system.  

Free vibration frequencies  

We solve the generalized free problem and derive an 

age (biquadratic) equation based on the 

characteristic determinant. 
 

𝑏6𝑠6 + 𝑏5𝑠5 + 𝑏4𝑠4 + 𝑏3𝑠3 + 𝑏2𝑠2 + 𝑏1𝑠
+ 𝑏0 = 0 

(11) 
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where: 
 

𝑏0 = 𝑘𝑦𝑦(𝑘𝜗𝜗𝑘𝜑𝜑 − 𝑘𝜗𝜑𝑘𝜑𝜗)

+ 𝑘𝑦𝜗(𝑘𝜑𝑦𝑘𝜗𝜑 − 𝑘𝜑𝜑𝑘𝜗𝑦)

+ 𝑘𝑦𝜑(𝑘𝜗𝑦𝑘𝜑𝜗 − 𝑘𝜗𝜗𝑘𝜑𝑦) 

𝑏1 = 𝑐𝑦𝑦(𝑘𝜗𝜗𝑘𝜑𝜑 − 𝑘𝜗𝜑𝑘𝜑𝜗)

+ 𝑐𝜗𝜗(𝑘𝑦𝑦𝑘𝜑𝜑 − 𝑘𝑦𝜑𝑘𝜑𝑦)

+ 𝑐𝜑𝜑(𝑘𝑦𝑦𝑘𝜗𝜗 − 𝑘𝑦𝜗𝑘𝜗𝑦) 

+𝑐𝑦𝜗(𝑘𝜑𝑦𝑘𝜗𝜑 − 𝑘𝜑𝜑𝑘𝜗𝑦)

+ 𝑐𝑦𝜑(𝑘𝜗𝑦𝑘𝜑𝜗 − 𝑘𝜗𝜗𝑘𝜑𝑦)

+ 𝑐𝜗𝑦(𝑘𝑦𝜑𝑘𝜑𝜗 − 𝑘𝑦𝜗𝑘𝜑𝜑) 

       +𝑐𝜗𝜑(𝑘𝑦𝜗𝑘𝜑𝑦 − 𝑘𝑦𝑦𝑘𝜗𝜗)

+ 𝑐𝜑𝑦(𝑘𝑦𝜗𝑘𝜗𝜑 − 𝑘𝑦𝜑𝑘𝜗𝜗)

+ 𝑐𝜑𝜗(𝑘𝑦𝜑𝑘𝜗𝑦 − 𝑘𝑦𝑦𝑘𝜗𝜑) 

𝑏2 = 𝑚(𝑘𝜗𝜗𝑘𝜑𝜑 − 𝑘𝜗𝜑𝑘𝜑𝜗)

+ 𝐼𝑥(𝑘𝑦𝑦𝑘𝜗𝜗 − 𝑘𝑦𝜗𝑘𝜗𝑦)

+ 𝐼𝑧(𝑘𝑦𝑦𝑘𝜑𝜑 − 𝑘𝑦𝜑𝑘𝜑𝑦) 

       +𝑘𝑦𝑦(𝑐𝜗𝜗𝑐𝜑𝜑 − 𝑐𝜗𝜑𝑐𝜑𝜗)

+ 𝑘𝜗𝜗(𝑐𝑦𝑦𝑐𝜑𝜑 − 𝑐𝑦𝜑𝑐𝜑𝑦)

+ 𝑘𝜑𝜑(𝑐𝑦𝑦𝑐𝜗𝜗 − 𝑐𝑦𝜗𝑐𝜗𝑦) 

+𝑘𝑦𝜗(𝑐𝜑𝑦𝑐𝜗𝜑 − 𝑐𝜑𝜑𝑐𝜗𝑦)

+ 𝑘𝑦𝜑(𝑐𝜗𝑦𝑐𝜑𝜗 − 𝑐𝜗𝜗𝑐𝜑𝑦)

+ 𝑘𝜗𝑦(𝑐𝑦𝜑𝑐𝜑𝜗 − 𝑐𝑦𝜗𝑐𝜑𝜑) 

       +𝑘𝜗𝜑(𝑐𝑦𝜗𝑐𝜑𝑦 − 𝑐𝑦𝑦𝑐𝜗𝜗)

+ 𝑘𝜑𝑦(𝑐𝑦𝜗𝑐𝜗𝜑 − 𝑐𝑦𝜑𝑐𝜗𝜗)

+ 𝑘𝜑𝜗(𝑐𝑦𝜑𝑐𝜗𝑦 − 𝑐𝑦𝑦𝑐𝜗𝜑) 

𝑏3 = 𝑚(𝑐𝜗𝜗𝑘𝜑𝜑 + 𝑐𝜑𝜑𝑘𝜗𝜗 − 𝑐𝜗𝜑𝑘𝜑𝜗 − 𝑐𝜑𝜗𝑘𝜗𝜑) 

       +𝐼𝑥(𝑐𝑦𝑦𝑘𝜗𝜗 + 𝑐𝜗𝜗𝑘𝑦𝑦 − 𝑐𝑦𝜗𝑘𝜗𝑦 − 𝑐𝜗𝑦𝑘𝑦𝜗) 

+𝐼𝑧(𝑐𝑦𝑦𝑘𝜑𝜑 + 𝑐𝜑𝜑𝑘𝑦𝑦 − 𝑐𝑦𝜑𝑘𝜑𝑦 − 𝑐𝜑𝑦𝑘𝑦𝜑) 

+𝑐𝑦𝑦(𝑐𝜗𝜗𝑐𝜑𝜑 − 𝑐𝜗𝜑𝑐𝜑𝜗)

+ 𝑐𝑦𝜗(𝑐𝜑𝑦𝑐𝜗𝜑 − 𝑐𝜑𝜑𝑐𝜗𝑦)

+ 𝑐𝑦𝜑(𝑐𝜗𝑦𝑐𝜑𝜗 − 𝑐𝜗𝜗𝑐𝜑𝑦) 

𝑏4 = 𝑚𝐼𝑥𝑘𝜗𝜗 + 𝑚𝐼𝑧𝑘𝜑𝜑 + 𝐼𝑥𝐼𝑧𝑘𝑦𝑦  

+𝑚(𝑐𝜗𝜗𝑐𝜑𝜑 − 𝑐𝜗𝜑𝑐𝜑𝜗) + 𝐼𝑥(𝑐𝑦𝑦𝑐𝜗𝜗 − 𝑐𝑦𝜗𝑐𝜗𝑦)

+ 𝐼𝑧(𝑐𝑦𝑦𝑐𝜑𝜑 − 𝑐𝑦𝜑𝑐𝜑𝑦) 

𝑏5 = 𝑚𝐼𝑥𝑐𝜗𝜗 + 𝑚𝐼𝑧𝑐𝜑𝜑 + 𝐼𝑥𝐼𝑧𝑐𝑦𝑦  

𝑏6 = 𝑚𝐼𝑥𝐼𝑧 
 

From the age equation, we determine the free 

vibration frequencies (natural frequencies) of the 

system, which are the dynamic characteristics of the 

platform. Their distribution depends on the values of 

the system parameters. Roots of the characteristic 

equation: 
 

𝑠𝑗 = 𝑠𝑗1  𝑎𝑛𝑑  𝑠𝑗 = 𝑠𝑗2 (12) 
 

where: 
 

𝑗 = 1,2,3 
 

Case I – subcritical damping I 

The complex roots of the characteristic equation are 

pairwise conjugate.  
 

𝑠𝑗1 = −ℎ𝑗 + 𝑖𝜔∗𝑗  

𝑠𝑗2 = −ℎ𝑗 − 𝑖𝜔∗𝑗  
(13) 

 

where: 
 

𝜔∗𝑗 = √𝜔0𝑗
2 − ℎ𝑗

2  𝜔0𝑗 > ℎ𝑗 

 

Case II – critical damping  

The real roots of the characteristic equation are dou-

ble, equal and negative. 
 

𝑠𝑗1 = 𝑠𝑗2 

 

Case III – supercritical damping 

The real roots of the characteristic equation are une-

qual and negative.  
 

𝑠𝑗1 ≠ 𝑠𝑗2 

 

Forms of free vibrations 

If all six roots of the characteristic equation are 

complex numbers and form three pairs of conjugate 

complex roots whose real parts are negative, then the 

free vibration mode coefficients can be determined. 

In order to determine the mode coefficients of the 

free vibrations of the system, we formulate special 

integrals for the determined free vibrations and 

substitute them into the differential equations. After 

transformations, we obtain two algebraic equations 

for each frequency, from which we determine the 

values of the distribution coefficients of free 

vibration amplitudes.  

The special integrals of differential equations 

forming two complex vectors rotating in opposite 

directions and formulated for the frequency 𝜔∗𝑗  

have the form: 
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𝑦𝑗 =
1

2
𝐴1𝑗𝑒−ℎ𝑗𝑡+𝑖(𝜔∗𝑗𝑡+𝛼𝑗)

+
1

2
𝐴1𝑗𝑒−ℎ𝑗𝑡−𝑖(𝜔∗𝑗𝑡+𝛼𝑗) 

𝜗𝑗 =
1

2
𝐴2𝑗𝑒−ℎ𝑗𝑡+𝑖(𝜔∗𝑗𝑡+𝛼𝑗)

+
1

2
𝐴2𝑗𝑒−ℎ𝑗𝑡−𝑖(𝜔∗𝑗𝑡+𝛼𝑗) 

𝜑𝑗 =
1

2
𝐴2𝑗𝑒−ℎ𝑗𝑡+𝑖(𝜔∗𝑗𝑡+𝛼𝑗)

+
1

2
𝐴2𝑗𝑒−ℎ𝑗𝑡−𝑖(𝜔∗𝑗𝑡+𝛼𝑗) 

(14) 

 

Algebraic equations from which we determine the 

coefficients of the distribution of free vibration 

amplitudes. 

 

(𝑚𝑠𝑗1
2 + 𝑐𝑦𝑦𝑠𝑗1 + 𝑘𝑦𝑦)𝜇∗1𝑗

+ (𝑐𝑦𝜗𝑠𝑗1 + 𝑘𝑦𝜗)𝜇∗2𝑗

+ (𝑐𝑦𝜑𝑠𝑗1 + 𝑘𝑦𝜑)𝜇∗3𝑗

= 0𝑠𝑗2 = −ℎ𝑗 − 𝑖𝜔∗𝑗 

 

(𝑐𝜑𝑦𝑠𝑗1 + 𝑘𝜑𝑦)𝜇∗1𝑗 + (𝑐𝜑𝜗𝑠𝑗1 + 𝑘𝜑𝜗)𝜇∗2𝑗

+ (𝐼𝑥𝑠𝑗1
2 + 𝑐𝜑𝜑𝑠𝑗1

+ 𝑘𝜑𝜑)𝜇∗3𝑗 = 0 

(15) 

 

where: 

 

𝜇∗1𝑗 =
𝐴1𝑗

𝐴1𝑗
= 1, 

𝜇∗2𝑗 =
𝐴2𝑗

𝐴1𝑗
, 

𝜇∗3𝑗 =
𝐴3𝑗

𝐴1𝑗
 

  

From algebraic equations we determine the free 

vibration mode coefficients of the system, which are 

the dynamic characteristics of the platform. Their 

distribution depends on the values of the system 

parameters and its structure. 

For 

 

𝑠𝑗1 = −ℎ𝑗 + 𝑖𝜔∗𝑗  (16) 

 

we receive 

 

𝜇∗2𝑗 = |𝜇∗2𝑗|𝑒𝑖𝜑2𝑗 

𝜇∗3𝑗 = |𝜇∗3𝑗|𝑒𝑖𝜑3𝑗 

For 

 

𝑠𝑗2 = −ℎ𝑗 − 𝑖𝜔∗𝑗  (17) 

 

we receive 

𝜇∗2𝑗 = |𝜇∗2𝑗|𝑒−𝑖𝜑2𝑗 

𝜇∗3𝑗 = |𝜇∗3𝑗|𝑒−𝑖𝜑3𝑗 

 

7. Parameterization and dynamic character-

istics of the platform model 

7.1. Platform model parameters 

Parameters describing inertial elements 

𝑚 = 144 𝑘𝑔 

𝐼𝑥 = 35 𝑘𝑔𝑚2 

𝐼𝑧 = 110 𝑘𝑔𝑚2  

Parameters describing non-inertial elements 

𝑘11 = 40000 𝑁/𝑚  
𝑘12 = 40000 𝑁/𝑚 

𝑘13 = 50000 𝑁/𝑚 

𝑘14 = 50000 𝑁/𝑚 

𝑘15 = 50000𝑁/𝑚 

𝑘16 = 50000 𝑁/𝑚 

𝑐11 = 80 𝑁𝑠/𝑚 

𝑐12 = 80 𝑁𝑠/𝑚 

𝑐13 = 80 𝑁𝑠/𝑚 

𝑐14 = 80 𝑁𝑠/𝑚 

𝑐15 = 80 𝑁𝑠/𝑚 

𝑐16 = 80 𝑁𝑠/𝑚 

Geometric characteristics 

𝐿 = 1.50 𝑚 

𝐿1 = 0.75 𝑚 

𝐿2 = 0.10 𝑚 

𝐿3 = 0.75 𝑚 

𝑑 = 0.80 𝑚 

𝑑11 = 0.5 𝑚 

𝑑12 = 0.3 𝑚 

𝑑21 = 0.5 𝑚 

𝑑22 = 0.3 𝑚 

𝑑31 = 0.5 𝑚 

𝑑32 = 0.3 𝑚 

ℎ = 0.20 𝑚 

 

7.2. Modal matrix 

The modal matrix contains eigenvectors that de-

pend solely on the structure of the system and its 

parameters. Therefore, the modal matrix allows 

for estimation of the dynamic properties of the 

system. The determined modes of natural 



34 

 

Dziopa, Z., Zuska, A., Więckowski, D., 

Archives of Transport, 72(4), 23-41, 2024 

 

 

vibrations describe the motion of the system ex-

cited by a given frequency of natural vibrations: 

 

𝜇 = [

𝜇11 𝜇12 𝜇13

𝜇21 𝜇22 𝜇23

𝜇31 𝜇32 𝜇33

] 

 

where: 

The first form of the platform's natural vibra-

tions (Figure 4). 
 

𝜔01 = 46.624917 [
rad

𝑠
] 

𝜇11 = 1 

𝜇21 = −0,2009206 

𝜇31 = −1,0005757 

 

The second form of the platform's natural vibra-

tions (Figure 5). 

 

𝜔02 = 34.226910 [
rad

𝑠
] 

𝜇12 = 1 

𝜇22 = −0,5221652 

𝜇32 = 4,4414576 
 

The third form of the platform's natural vibra-

tions (Figure 6). 
 

𝜔03 = 29.809825 [
rad

𝑠
] 

𝜇13 = 1 

𝜇23 = 5,0352577 

𝜇33 = 0,9341593
 

 
Fig. 4. The first form of the platform's natural vibrations  
 

 
Fig. 5.The second form of the platform's natural vibrations 
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Fig. 6. The third form of the platform's natural vibrations 

 

8. Platform movementsimulation 

8.1. Freevibrations 

Figure 7 shows the time course of variability of 

kinematic quantities characterizing the movement of 

the platform in the case of a non-conservative 

model, these are 𝑦, 𝜗, 𝜑 and�̇�, �̇�, �̇�. 

The introduction of damping reduces vibrations and 

reduces the rumble phenomenon. The rumbling phe-

nomenon is clearly visible in the variation of the tilt 

angle 𝜑. 

 

8.2. Forcedvibrations 

Figures 8, 9, 10 present the responses of the non-

conservative system to the forcing adopted as a 

determined model of input signals in the form of 

harmonic functions. The time courses of variability 

of kinematic quantities characterizing the platform's 

movement are shown, these are 𝑦, 𝜗, 𝜑 and �̇�, �̇�, �̇�.

 

 
Fig. 7. The course of displacement and velocity variability in vertical movement, pitch and roll 
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Fig. 8. The course of displacement and velocity variability in vertical movement, inclination and tilting of the 

platform 

 

 

 
Fig. 9. The course of displacement and velocity variability in vertical movement, inclination and tilting of the 

platform 
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Fig. 10. The course of variability of displacement and speed in vertical movement, tilting and tilting of the 

platform 

 

System responses for the excitation frequency 

corresponding to the first mode of natural vibra-

tions 

 

𝜔01 = 46.624917 [
rad

𝑠
] 

 

Excitation at this frequency causes a significant in-

crease in the value of the linear displacement and the 

tilt angle 𝜑 of the platform.  

System responses for the excitation frequency 

corresponding to the second mode of natural vi-

brations  

 

𝜔02 = 34.226910 [
rad

𝑠
] 

 

Excitation at this frequency causes a significant in-

crease in the tilt angle 𝜑 of the platform. During the 

variation of the tilt angle 𝜗, a beating phenomenon 

is slightly visible. 

System responses for the excitation frequency 

corresponding to the third mode of natural vibra-

tions  

 

𝜔03 = 29.809825 [
rad

𝑠
] 

 

Excitation at this frequency causes a significant in-

crease in the platform inclination angle 𝜗. A beating 

phenomenon is visible in the course of the variation 

of the tilt angle 𝜑. 

 

9. Discussion of the obtained results 

When developing the robot design, attention should 

be paid to the dynamic characteristics of the plat-

form. The platform is a carrier on which the actuat-

ing devices are mounted. The forces that the plat-

form is subjected to are transferred to the actuating 

devices. Therefore, their unfavourable characteris-

tics may interfere with the operation of measuring 

and actuating devices mounted on the platform. 

The variations of kinematic quantities characterizing 

the platform's response to the disturbances presented 

in this paper indicate the occurrence of the beating 

phenomenon. This phenomenon has an adverse ef-

fect on the behaviour of the system and should be 

eliminated. Introducing damping does not always 

give the expected result. This can be observed in the 

considered model. 

Figure 7 shows the course of variability of displace-

ment and speed in vertical movement, inclination 

and tilting of the platform caused by the forcing re-

sulting from the introduction of a non-zero vertical 

displacement 𝑦. A small value of vertical displace-

ment 𝑦0 = 0.02 [𝑚], which is the initial condition, 
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causes angular vibrations. This means a clear cou-

pling of vertical movement with angular move-

ments. The variations of angles as a function of time 

play an important role in the entire process of the 

robot implementing the planned mission. The intro-

duction of damping reduces vibrations, but their val-

ues suggest the possibility of problems in the case of 

slightly greater force. Analyzing the obtained re-

sponses of the system, it is easy to notice the occur-

rence of the unfavorable phenomenon of rumbling. 

It is clearly visible in the variation of the tilt angle 

𝜑. Some changes of a beating nature can also be seen 

in the course of the variability of the inclination an-

gle 𝜗. This is due to a small difference in the natural 

frequency values of approximately 4.4 [rad/s]. Even 

though the considered system is non-conservative, 

the time elapsed from its excitation to obtaining the 

minimum vibration amplitude is of the order of 3 [s]. 

Excessive forces occurring in the system may there-

fore lead to ineffective operation of the robot. If the 

determined dynamic characteristics of the designed 

platform raise concerns, it is recommended to 

change its parameters or change their distribution. 

Not only the rumble phenomenon may negatively 

affect the robot's ability to perform planned tasks, 

but also the forcing of the platform with its natural 

vibration frequencies. While analysing the dynamics 

of the system, three natural frequencies of vibrations 

were determined. When constructing the platform, 

care should be taken to ensure that the frequency 

band of the excitation from the road side does not 

coincide with its natural frequencies. This can be ob-

served in the considered model. 

Figures 8, 9 and 10 present the variations of dis-

placement and velocity in vertical movement, incli-

nation and tilting of the platform caused by the forc-

ing adopted as a determined model of the input sig-

nals. The developed disturbance is a kinematic exci-

tation and has the form of a harmonic function. The 

mathematical relationships are described by equa-

tions in the fourth form, i.e. they are harmonic exci-

tations with a given amplitude and frequency equal 

to the natural frequency of the system. Thanks to 

this, it is possible to check, among other things, the 

system's sensitivity to resonance. Such an analysis is 

carried out by introducing excitation frequencies 

with values corresponding to the natural frequen-

cies. In the study, a modal analysis was performed 

by determining eigenvalues for each independent 

variable. Then, a simulation of the non-conservative 

motion of the developed model was performed, ob-

taining the system responses for the excitation fre-

quencies corresponding to the first, second and third 

modes of natural vibrations. The amplitudes of all 

six harmonic functions were 0.02 [m] and the phases 

were 0.0 [rad]. This is a case of hitting an obstacle 

with all wheels at the same time. The phenomenon 

of resonance is clearly visible in all characteristics 

presented in Fig. 8, 9 and 10. A small value of the 

amplitude of signals coming from the road surface 

causes a very significant increase in the amplitude of 

kinematic quantities characterizing the movement of 

the platform. You can also notice clear changes of a 

beating nature in the course of the variation of the 

pitch angle 𝜗 as in Fig. 9 and in the course of the 

variation of the pitch angle 𝜑 as in Fig. 10. Opera-

tion of the system in an unfavorable frequency band 

may lead to unfavorable excitation and, conse-

quently, to interference that prevents the operation 

of the land robot's actuators. 

 

10. Conclusions 

The developed platform model and the interpretation 

of the obtained dynamic characteristics allow for the 

formulation of conclusions aimed at adapting the ro-

bot's structure to the assumed requirements of its op-

eration. A tool was obtained to conduct basic re-

search of the designed structure in virtual space. The 

developed numerical algorithms make it possible to 

determine the properties of the system already at the 

design stage. The introduced models of forcing (op-

tions 1,2,3,4) acting directly on the platform play an 

important role in the assessment of the designed 

structure. 

When designing a robot platform, pay attention to:  

− Development of a physical model based on 

which the properties of the actual structure can 

be assessed with sufficient accuracy.  

− Conducting a modal analysis, which allows for 

the determination of the dynamic characteris-

tics of the system and the optimal selection of 

its parameters.  

− Eliminating or at least limiting the unfavoura-

ble phenomenon of rumbling by changing and 

distributing the system parameters, selecting 

the appropriate value of damping coefficients 

and modifying its structure. 

− Eliminating or at least limiting the unfavoura-

ble phenomenon of the system operating in res-

onance. In order to eliminate such a case, the 



Dziopa, Z., Zuska, A., Więckowski, D., 

Archives of Transport, 72(4), 23-41, 2024 

39 

 

 

obtained parameters of the modal matrix should 

be outside the range of the frequency band gen-

erated by the forcing.  

− Effect of baseline motion perturbation on the 

realization of progressive motion using a robot 

guidance system. 

Chapter 9 presents a detailed discussion of the re-

sults obtained and the conclusions drawn. Chapter 

10 provides basic guidelines to facilitate the design 

of a robot whose dynamic characteristics will allow 

the reduction of disturbances due to external forcing. 

Studying the literature on the class of robots under 

discussion, no works were found that covered the 

topics discussed in the presented article. It undoubt-

edly fills the gap that exists in research. 

Further directions of research will oscillate around 

the implementation of the analyses presented in this 

article in systems with extensive structure and mod-

els that take into account issues of fundamental mo-

tion. Specific directions for further research may be 

related to, among other things: 

− The structural development of the platform sys-

tem, which results from the objects on the 

platform. These objects are the systems that 

perform the tasks set for the robot. Determining 

the dynamic characteristics of such an extended 

system. 

− Ensuring comfort for the objects on the plat-

form by designing a platform with dynamic 

characteristics that ensure their isolation from 

external excitations. 

− To develop a model of a robot performing com-

plex motion consisting of fundamental motion 

and fundamental motion disturbances. To 

check to what extent external excitations can 

negatively affect the realization of the planned 

progressive motion and the work the robot per-

forms. 

− In the case of the occurrence of excitations 

whose reduction through the introduction of 

passive systems is not effective, the develop-

ment of active or semiactive vibration isolation 

systems. This may be necessary in the case of 

higher frequency banded excitations. 
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